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ABSTRACT

Discovering patterns in strings is a central task in analyzing molecular sequences.
One pattern discovery problem is to find a pattern that occurs as a substring in
each member of a given set of strings. Additionally, occurrences of this pattern are
allowed to have up to some specified number of errors, so the occurrences may not
exactly match the pattern. Allowing such *“approximate occurrences” significantly
complicates methods for discovering the pattern, rendering it NP-hard.

The pattern discovery problem is abstracted as a decision problem under the
name Common Approximate Substring. A systematic parameterized complexity
analysis is conducted, producing a nearly complete parameterized complexity map
with respect to the number of input sequences, their maximum length, the length
of the pattern, the maximum number of mismatches between the pattern and its
occurrences, and the size of the sequence alphabet. The analysis has also revealed
several new results, including the first FPT variant not parameterized with alphabet
size.

The Closest Substring problem is an optimization problem with the goal of min-
imizing the maximum number of mismatches between the pattern and any occur-
rence. Previous studies did not resolve the effect of alphabet size on approxima-
bility. The problem admits a polynomial time approximation scheme even for the
case of an unrestricted alphabet, and an improvement is given for the case of a
binary alphabet. Objective functions are derived from three other aspects of the
problem, and new approximability results are described for each associated opti-
mization problem. The results include both upper and lower bounds, and in one
case these bounds are shown to be tight.

In practice one might only know some set of necessary conditions for important
patterns, and desire the identity of each pattern matching those conditions. This
goal is captured by the problem of enumerating all patterns fitting a specified length
and number of allowed errors. New upper bounds are proved for the complexity of
the enumeration problem, and parallelizations are described that have both practical
and theoretical value. The upper bound on the complexity is achieved through the
use of a new data structure capable of concisely encoding sets of patterns, while
providing efficient membership queries and efficient set operations.
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Chapter 1

| ntroduction

1.1 Motivation and Objectives

Until recently, research in molecular biology has been hindered by the limited avail-
ability of data. In the post-genomic age biologists have access to raw data with vast
potential for discovery. From such large amounts of data come new challenges of
extracting the resident “biological meaning”. This undiscovered knowledge exists
presently in sequence databases and unquestionably holds key information needed
to solve important problems. There is also no question that the present technol-
ogy for extracting information from raw sequence data is insufficient for the task.
The recent paradigm shift, caused by the increased availability of data, has forced
biology to rely on discrete mathematics and computer science in the way it has
traditionally relied on chemistry, physics, and traditional statistical methods.

This thesis examines some theoretical and practical issues surrounding tech-
niques for extracting information from bio-molecular sequences. The specific prob-
lem analyzed is that of discovering contiguous patterns that occur approximately in
each member of a set of strings. By “occurring approximately”, we mean that pat-
terns must match a substring of each string with at most some specified number of
mismatches. The problem is important as an abstraction for many tasks faced by
biologists attempting to discover information in molecular sequences. Computa-
tional solutions to problems of this sort are presently inadequate. The aim of this
thesis is to provide an improved understanding of the pattern discovery problem by
applying tools from computational complexity theory.

1.2 Contributions

The central problem examined in this thesis is analyzed from three perspectives,
each with a slight variation on the problem definition. The focus is theoretical,
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but the results provide important knowledge concerning practical solutions. The
following list describes the contributions of this thesis according to the three per-
spectives from which the problem is analyzed.

e A systematic parameterized complexity analysis was conducted, investigating
the properties of five different problem aspects: the number of sequences in
which to discover a pattern, the length of those sequences, the length of the
pattern, the size of the sequence alphabet, and the maximum distance between
pattern and pattern occurrence.

This analysis has demonstrated the first fixed parameter tractable variant of
the problem that does not require both a fixed sized alphabet and a fixed
pattern length. An algorithm is described that indicates the sufficiency of
fixing the length of the input sequences regardless of the number of sequences
or the size of the sequence alphabet.

Negative complexity results include two original W[2]-hardness proofs. These
establish the extreme intractability of two important variants. In addition to
negative results for the W-hierarchy, several parameterized circuit families
have been designed, demonstrating membership in various classes, and pro-
viding alternate characterizations of problem solutions.

e Approximability of the pattern discovery problem has been studied under
the name Closest Substring, and strong approximability results have been
obtained for the problem when restricted to a constant sized alphabet. In
this thesis the first polynomial time approximation scheme is given for the
problem with no restrictions on the size of the input alphabet. In addition,
significant strengthening of known results are given for the special case of a
binary input alphabet.

Alternate objectives are analyzed, including the similarity between pattern
and pattern occurrence, the number of input sequences containing a common
pattern, and the length of a common pattern. Several results are given for
these problems showing that none are as easily approximated as the original
Closest Substring problem.

e The pattern discovery problem is also investigated as to the complexity of
producing all patterns that fit the satisfy the requirements of the problem in-
stance. This treatment is closer to the actual situation faced in the biological
research setting. An algorithm is described that improves on one of the best
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existing algorithms and simultaneously gives new upper bounds on the com-
plexity of the corresponding decision problem. Various parallelizations, both
practical and theoretical, are described.

1.3 ThesisOverview

This thesis is organized around the systematic investigation of the central pattern
discovery problem. Chapter 2 presents background information concerning com-
plexity theory and relevant concepts concerning biological sequences.

In Chapter 3 the problem is abstracted as a decision problem under the name
COMMON APPROXIMATE SUBSTRING. The analysis and results are divided into
tractability (Section 3.1), hardness (Section 3.2), and complexity class membership
(Section 3.3).

Under the name CLOSEST SUBSTRING, in Chapter 4 the problem is investigated
with the tools of approximation theory. In Section 4.1, the influence of alphabet size
is considered. In Section 4.2 focus turns to alternate objective functions, and their
complexity of approximation.

In Chapter 5 a more practical perspective is taken. The problem is abstracted as
the MOTIF ENUMERATION problem, for which a solution is the entire set of valid
patterns. In Section 5.1, a sequential algorithm is given; the algorithm improves on
the complexity of previous algorithms by a factor of the number of input sequences.
In Section 5.2, further improvements are given, including a new data structure for
encoding sets of motifs, and supporting efficient set operations and membership
queries. In addition to improvements in the serial time complexity, the algorithm
is modified to run on a PRAM in logarithmic time with a polynomial number of
processors.

The discussion and results in this thesis are of a highly technical nature. The
descriptions and analysis of algorithms and complexity results are intended to be ac-
cessible to computer scientists, mathematicians and computational biologists. The
intent is that results in this thesis will guide the development of algorithms for solv-
ing related pattern finding problems. The complexity results indicate possible tech-
niques to attempt (and some to avoid) while searching for better algorithms. The
algorithms and heuristics developed here can provide the basis for more powerful
and general programs.



Chapter 2

Background

This chapter is divided into sections. Section 2.1 provides a review of complexity
theory, including detailed background material on parameterized complexity and
the theory of approximation algorithms. Section 2.2 introduces the concepts of
molecular biology necessary to appreciate the motivation for this research. Follow-
ing a discussion of previous definitions, an operational definition for the patterns is
developed, followed by a discussion of certain applications of the problem. In Sec-
tion 2.3, a formal definition is given for the pattern discovery problem as a decision
problem called COMMON APPROXIMATE SUBSTRING, and certain fundamental re-
sults are presented concerning instances of this problem.

2.1 Computational Complexity Theory

This section presents definitions to facilitate the communication of ideas in later
chapters. This thesis centers around a specific computational problem. The fol-
lowing is an informal description from Garey and Johnson’s “Computers and In-
tractability: A Guide to the Theory of NP-Completeness” [36].

For our purposes, a problem will be a general question to be answered,
usually possessing several parameters, or free variables, whose values
are left unspecified. A problem is described by giving: (1) a general
description of all its parameters, and (2) a statement of what properties
the answer, or solution, is required to satisfy. An instance of a prob-
lem is obtained by specifying particular values for all the problem’s
parameters.

As a mathematical concept, a problem is a type of relation.

Definition 2.1.1 (problem) A problem IT is defined as a relation IT C I x S, where
I is the set of instances and S is the set of solutions.
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This thesis examines decision problems, optimization problems, and search prob-
lems.

Definition 2.1.2 (decision problem) A decision problem IT is any problem with a
Boolean solution set, i.e. S = {true, f al se}. For simplicity, the set II is often
used to refer to those instances I’ C I such that (I’,t r ue) € II.

Search problems bear a closer correspondence to the real world problems that mo-
tivate computational problems.

Definition 2.1.3 (search problem) A search problem II is a problem for which a
solution is some object bearing certain specified properties, or the assertion that no
such object exists. In other words, I1 has solution set S = S” U {f al se}, where S’
is a finite set of finite objects.

Optimization problems are supplemented with an objective function that must be
maximized or minimized, depending on the problem?.

Definition 2.1.4 (optimization problem) An optimization problem IT is a problem
with a set of feasible solutions and the objective of maximizing or minizing some
objective function that maps feasible solutions to some set of rational numbers.

An algorithm is a finite procedure for solving a problem. Algorithms are de-
scribed throughout this thesis using pseudocode with control structures commonly
found in modern programming languages, and mathematical notation to express
data types and operations. The quality of an algorithm is usually based on resource
requirements, or complexity, in terms of both time and space; an algorithm is as-
sessed in terms of its time and space complexity. The theoretical discussions in
this thesis deal mainly with worst case complexity, but often the requirements of an
algorithm on average or expected cases are important.

Problems are classified according to their computational complexity, or the
complexity of known algorithms for solving them. A complexity class is any set
of problems for which methods of obtaining a solution share some specific prop-
erty (usually related to resource requirements). The model of computation is not
an issue in this thesis, but it is assumed to be the Turing Machine model during

LAn interesting difference between maximization problems and minimization problems is how
often their descriptions in second order logic differ [52]. It has been conjectured that these differ-
ences in descriptive complexity account for the differences in approximability of complementary
problems.
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theoretical discussions and the Random Access Machine model when dealing with
subexponential time computation.

As first recognized by Edmonds [27], the most important complexity classes are
the classes of problems solvable in time that is bounded by a polynomial function
of the size of the input. A distinction is made between those problems solvable in
polynomial time on deterministic and non-deterministic machines. A deterministic
machine must obtain a solution, whereas a non-deterministic machine can guess a
solution and is always correct provided a solution exists. The work done by the
non-deterministic machine is simply what is required to verify that the guessed so-
lution is, in fact, correct. The class of problems solvable in polynomial time on a
deterministic machine is denoted P and the class of problems solvable in polyno-
mial time on a non-deterministic machine is denoted NP. It is important to keep in
mind that non-deterministic machines exist only as mathematical tools. The relation
between these classes is known to be

P C NP.

For many years it has been generally believed that the inclusion is proper but this is
yet to be proved [22].

Originally, the evidence for P £ NP was that a large number of problems known
to be in NP had no known polynomial time algorithms. Cook [21] proved that if the
problem of deciding the satisfiability of Boolean formulas is in P, then so is every
other problem in NP. Shortly after, Karp [50] used this result and showed that many
other well known problems in NP share that same property. These problems are
called NP-complete, meaning that they are in NP, and a polynomial time algorithm
for any one of them can be used to construct a polynomial time algorithm for all
problems in NP. Cook’s result essentially acted as a bootstrap for the theory; Karp
used Cook’s theorem in conjunction with polynomial time reductions to make the
theory useful. The definition given below for “reduction” technically describes a
transformation (also known as a Karp-reduction or many-one reduction), which is
a type of reduction. It has become common to use the term reduction in reference
to the specific type defined here.

Definition 2.1.5 (reduction) A reduction from a problem IT to a problem II’ (sym-
bolized IT < IT') is an algorithm A such that

1. for any instance I of II, A(I) = I’ is an instance of IT".

2. any solution for I’ can be used to obtain a solution for 1.
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3. reductions must preserve some specified property of the source problem (e.g.
polynomial solvability).

A polynomial time reduction is one in which all computation specified in Definition
2.1.5 can be completed in time bounded by a polynomial function of |I|. An im-
portant property of reductions used in this thesis is that they are transitive relations.
Relying on the closure of polynomials under composition, Karp used polynomial
time reductions to show that if an NP-complete problem has a polynomial time
algorithm, then all problems in NP have polynomial time algorithms.

In computer science, complexity theory is used mainly as a tool for obtaining
(possibly conditional) lower bounds on the efficiency of solving difficult problems.
In this capacity, the notion of completeness may be replaced by the notion of hard-
ness. A problem is hard for a complexity class if all problems in that class reduce
to it by a reduction that preserves the defining property of the class. For any com-
plexity class, the type of reduction used to show hardness for the class depends on
the defining properties of the class in question.

The situation uncovered by classical complexity theory is that if a problem can
be shown to be NP-hard, then searching for a polynomial time solution will result
in frustration: any attempt at a polynomial time solution of one NP-hard problem is
an attempt for all NP-complete problems, of which many thousands have been well
studied. Dealing with NP-hard problems requires more sophisticated techniques.

2.1.1 Parameterized complexity

Parameterized complexity grew out of the need to find exact solutions to NP-hard
problems. Perhaps the first discussion of these was the recognition that certain
NP-hard problems could be solved exactly by dynamic programming in pseudo-
polynomial time?.

Definition 2.1.6 (parameterized problem) A parameterized problem is specified
by three pieces of information: the input, the question and those parameters that are
designated as fixed.

In parameterized complexity there is a distinction between the parameters and the
input size for a problem. Any combination of the parameters may be fixed, so a

2An early result of this sort is the polynomial time integer programming algorithm for a fixed
number of variablesor constraints[56]. The technique used to obtain this result has been formalized
in parameterized complexity under the name “reduction to problem kernel”.
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special notation is used to indicate the set of fixed parameters for a problem. The
parameterized version is indicated by the symbols (parameters) appearing in brack-
ets immediately after the name (or abbreviation) of the problem. For example, the
problem of finding a size & vertex cover for fixed & is written VERTEX COVER(k).
Note that when a problem only has a single natural parameter® that may be fixed,
the notation is redundant and, for such problems, will be omitted throughout this
thesis.

In classical complexity theory, tractable problems are defined as those problems
solvable by a polynomial time algorithm. The analogous concept in parameterized
complexity is an algorithm with running time bounded by function that is poly-
nomial in the size of the input, but may be exponential in the value of the fixed
parameters.

Definition 2.1.7 (fixed parameter tractable) A parameterized problem II is fixed
parameter tractable if there is an absolute constant ¢, a function f : N — N and a
collection of procedures { A, : k& € N} such that for each instance (x, k) of II:

(1) Ax({z,k)) € O(f(K)[x[%),
(i1) (x, k) € ILiff Ax((x,k)) =true.

A problem that is fixed parameter tractable is said to reside in the parameterized
complexity class FPT. The value of the parameterized point of view for hard prob-
lems becomes evident when exact algorithms are required. Parameterized complex-
ity exploits combinatorial relationships that are particular to a subset of problem
instances, while not sufficiently constraining to render the general problem easy.
One point that is very important to keep in mind while considering parameterized
complexity is the distinction between a parameter being fixed, and some value be-
ing constant. A constant may appear anywhere in the complexity expression of an
algorithm. An example is O(n°) for constant c. If a value k is fixed, then £ may
only appear as an exponent if the corresponding base is a constant or another fixed
parameter; e.g. O(2/®n°) or O(f(k)9*)n°). The result of this distinction is that
the complexity expression depends only polynomially on the size of the input.

The strength of parameterized complexity is in the general techniques it has
produced for the design of efficient parameterized algorithms. These are outlined in

3The meaning of “natural parameter” is subjective. For any abstract computational problem,
what constitutes a parameter is likely to depend on how useful the abstraction remains after a par-
ticular value has been fixed.
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[26] and include the methods of bounded search tree, reduction to problem kernel,
and perfect hashing. For large classes of problems with natural graph-theoretic
abstractions, the method of finite obstruction sets is another useful tool in the design
of fixed parameter tractable algorithms.

Traditional intractability is associated with the conjecture that no polynomial
time algorithm exists for any NP-complete problems. Although this has yet to be
proved, the concept is very important to the study of algorithms. Parameterized
complexity draws finer distinctions between problems and organizes them accord-
ing to an infinite hierarchy of classes within the class NP.

Just as Cook’s [21] characterization of NP is founded on the basic problem
SAT, parameterized complexity has analogous problems to anchor its complexity
classes. The central problem is called WEIGHTED CIRCUIT SATISFIABILITY (de-
fined below) and can be thought of as providing a model for parameterized non-
deterministic computation. The parameterized version of this problem defines the
infinite hierarchy of parameterized complexity classes inside NP, although natural
problems seem only to reside in five well-populated classes.

Definition 2.1.8 (Boolean circuit) A Boolean circuit «,, withinputz = zy25 - - -z,
of length n is a directed acyclic graph. The nodes of fan-in 0 are called input nodes
and are labeled from the set {0, 1, x1, 1, x2, To, . . ., T, T, }. The nodes of fan-in
greater than O are called gates and are labeled either AND, OR, or NOT. A special
node is designated the output node. The size is the number of nodes and the depth
is the maximum distance from an input node to the output node.

Definition 2.1.9 (weft) A gate is said to be large if the number of inputs to that
gate exceeds some specified bound. The weft of a decision circuit is the maximum
number of large gates on any path from the input variables to the output.

WEIGHTED WEFT ¢ DEPTH h CIRCUIT SATISFIABILITY (WCS; ;)
Instance: A weft ¢ depth h decision circuit C'.

Parameter: A positive integer k.

Question: Does C have a weight k satisfying assignment?

The set of problems reducible (under parameterized reductions, defined below) to
wcs ;, for any h, forms the class called W[t]. When reducing a problem to wcs; 5,
it is sufficient to design a circuit that is satisfiable just in case the source problem
has a positive solution.



CHAPTER 2. BACKGROUND 10

Definition 2.1.10 For any t, the class W[t] consists of all problems reducible, by a
parameterized reduction, to wcs, ;,, where & is an arbitrary constant.

Definition 2.1.11 WI[P] is the class of all problems reducible, by a parameterized
reduction, to WEIGHTED CIRCUIT SATISFIABILITY.

Definition 2.1.12 XP is the class of all problems solvable in O(n/*)), where n is
the size of the input, £ a parameter, and f is an arbitrary function independent of n.

The parameterized complexity classes are organized into the W-hierarchy:
FPTC W[I]CW[]2]C---CW[P]C--- CXP
These classes are related to P and NP as:
PCFPTC...CXPCNP

From a complexity theoretic point of view, parameterized complexity is based on
the conjecture that FPT £ WJ1]. It is also believed that the other relationships in
the hierarchy are proper [26].

Classification of problems according to the W-hierarchy makes use of parame-
terized reductions, which preserve membership in the classes.

Definition 2.1.13 (parameterized reduction) Let IT and II" be two parameterized
problems. A parameterized reduction from II to II’ is an algorithm A that trans-
forms an instance (x, k) of I into an instance of (x’, £’) of II’ such that:

1. Arunsintime O(f(k)|x|) for arbitrary function f (independent of |z|) and
constant ¢ (independent of both |z| and k).

2. k' = g(k) for some arbitrary function ¢ independent of |z|.
3. (x,k) e Ilifand only if {2/, k') € IT".

The central problem examined in this thesis has many aspects that can be ex-
ploited in the search for efficient fixed parameter algorithms. Such problems benefit
from a uniform and systematic treatment.

Definition 2.1.14 (systematic parameterized complexity analysis [90]) Given a de-

cision problem IT and some subset S = {sq, ..., s, } of the aspects of II, a system-
atic parameterized complexity analysis of II relative to .S determines the parame-
terized complexity of II relative to all 2" — 1 non-empty subsets of S.
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The goal of systematic parameterized complexity analysis is the construction of a
map that indicates the relation between sets of parameters and the complexity of a
problem with respect to those parameters.

2.1.2 Approximation theory

Approximation theory is a more established tool for dealing with hard problems.
The first systematic discussion appeared in [48] and was subsequently expanded
in [36]. Much of approximation theory relies more on analysis than design in that
many of the best approximation algorithms are very simple, but without a guarantee
on their performance, using them is often unwise. As pointed out in [79], approx-
imation is most useful when your input may not be an exact representation of the
real problem being abstracted; in such cases, exact solutions to the computational
problem are still approximations for the real-world problem.

When discussing approximation, in addition to algorithm efficiency, the solu-
tion correctness, or approximation quality, is also of concern. Various measures of
approximation quality have been proposed. The two most important are the relative
error and the performance ratio. The latter measure is used throughout this thesis.

Definition 2.1.15 (performance ratio) Let x be an instance of optimization prob-
lem IT having optimal solution opt(x). Let A be an algorithm solving I1, and A(z)
the value of the solution produced by A when applied to x. The performance ratio
of A with respect to x is

S T |

Algorithm A is a p-approximation algorithm if and only if A always returns a solu-
tion with performance ratio less than or equal to p.

Different optimization problems have different approximation properties relat-
ing to the types of approximation algorithms for solving them. Ina p-approximation
algorithm, the value of p may be a function of |x|, some other parameter to the
problem, or a constant. Unless otherwise stated, it is assumed that approximation
algorithms are polynomial. Intuitively, the lower values of p are often achieved by
sacrificing efficiency. This idea is formalized by the notion of an approximation
scheme, the most important type being those that require polynomial time.
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Definition 2.1.16 (polynomial time approximation scheme, PTAS) Let A, (for ra-
tional number p > 1) be a family of approximation algorithms for optimization
problem II. If, for each fixed p, algorithm A, is an p-approximation algorithm and
its running time is polynomial in the size of the input, then A, is called a polyno-
mial time approximation scheme (PTAS). If, in addition, the running time of A,
is a polynomial function of 1/(p — 1), then A, is called a fully-polynomial time
approximation scheme (FPTAS).

A useful theory of complexity of approximation has been developed for optimiza-
tion problems. The class of all optimization problems having corresponding de-
cision versions in NP is called NPO. Within NPO, there are many classes defined
by the approximability of their members. APX is the class of constant approx-
imable problems, including VERTEX COVER and 3 SAT [45]. Additional classes
have been defined between APX and NPO; these include the hierarchy of f(n)-
approximable problems such as log-APX and poly-APX. The classes PTAS and
FPTAS contain those problems for which polynomial and fully polynomial time
approximation schemes are known. The most useful classes are related as follows.

FPTAS C PTAS C APX C NPO.

The class relations are strict if, and only if, P # NP.

Reductions are also used to classify difficult optimization problems. The L-
reduction [67] (linear reduction) requires that the source and target solution sizes,
as well as their quality, be linearly related. This type of reduction was intended
to show hardness and membership in the syntactic class MAX SNP of optimiza-
tion problems. It was subsequently discovered that MAX SNP is exactly the class
of constant factor approximable optimization problems, and that outside this class
the L-reduction is of little use. As the structure of approximability was scrutinized
during the 1990s, many (in fact more than a dozen) different types of approxima-
bility preserving reductions were proposed. The simplest of these reductions, first
appearing in [4], is sufficient for the present purpose.

Definition 2.1.17 (gap preserving reduction, GP-reduction, <gp) Let IT and IT'
be two minimization problems. A gap-preserving reduction (GP-reduction, <gp)
from II to II" with parameters (c, p) and (¢, p’) is a polynomial-time algorithm f.
For each instance = of T, f produces an instance =’ = f(x) of IT". The optima of x
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and 2/, say opt(z) and opt(z') respectively, satisfy the following properties:
opt(z) < ¢ = opt(a’) < ¢,
opt(z) > ¢p = opt(z’) > ',

where (¢, p) and (¢p’) are functions of |z| and |2'| respectively, and p, p’ > 1.

Definition 2.1.17 specifically refers to minimization problems and can easily be
adapted for maximization problems. Like other reductions, the usefulness of GP-
reductions rests on a conjecture about the hardness of a particular problem, the
transitivity of the reduction, and the closure of polynomials under composition.
Although it is implied by the name, GP-reductions allow the gap to become larger
or smaller, as long as some gap remains intact [4].

2.2 Molecular Sequence Patterns

This section is an introduction to the concepts of patterns in molecular sequences
that motivate the research in this thesis. Many practical problems related to the
discovery of patterns arise in molecular biology. Background information is given
first, followed by a discussion of how patterns can be abstracted for computational
processing.

2.2.1 Review of molecular biology

The information provided here is intended to familiarize the reader with those con-
cepts sufficient to understand the discussion in later sections. For more information,
the reader may consult the references [8, 81, 85].

Molecular genetics is primarily concerned with the relationship between infor-
mation molecules (DNA and RNA) and working molecules (proteins). The basic
relationship between DNA, RNA and protein is often referred to as the central
dogma of molecular biology. The central dogma, put forth by Francis Crick [24],
is a general theory. In biology all general theories have exceptions. The central
dogma has survived as a matter of pragmatics; no other theory has better described
the same concepts.

The central dogma holds that genetic information is encoded by patterns in
DNA. These patterns are called genes. Through the process of transcription, the
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information of a gene is converted into a messenger RNA molecule. When mes-
senger RNA encounters ribosomes, the genetic information is used to produce a
protein. In essence, genetic information within the cell flows from DNA to RNA to
protein. When genetic information is transmitted from cell to cell, as happens when
cells divide, the information flows from DNA to DNA through the process of DNA
replication.

DNA (deoxyribonucleic acid) molecules are large polymers with a backbone
of alternating sugar and phosphate residues [85]. A nitrogenous base is covalently
bonded to the sugar residues. The four types of bases found in DNA are adenine
(a), cytosine (c), guanine (g), and thymine (¢). RNA (ribonucleic acid) molecules
are similar chemically (with a different sugar) and have uracil (u) bases instead of
thymine.

Proteins are composed of one or more polypeptide chains (throughout this the-
sis, the terms protein and polypeptide are used synonymously). The monomeric
units making up a protein are amino acids. The amino acids are referred to as
residues, of which there are twenty commonly occurring in nature. The sequence
of amino acid residues that defines a particular protein is called its primary struc-
ture.

Though the chemical behavior of proteins is complex and remains mysterious
[33], that of nucleic acid molecules is well understood. The important chemical
properties of nucleic acids are that hydrogen bonds form between bases according
to the Watson-Crick rules [93]: a bonds with ¢ (u for RNA), and ¢ bonds with g.
These pairs are called canonical base pairs, and form when members of a pair are
placed opposite each other (i.e. in different sequences or sufficiently distant in the
same sequence). Base pairs are also called complementary bases, and this con-
cept extends in a natural way to sequences of bases. When two segments of DNA
have a sufficient number of binding base pairs, the segments are said to hybridize.
Thus any two segments composed entirely of complementary bases are said to be
complementary segments. For instance the (ordered) segments acagt and tgtca are
complementary, since the base at any position in the first segment is complementary
to the base at that same position in the second segment. Hybridization behavior is
central to the in vivo function of DNA and RNA,; it is also exploited by many im-
portant in vitro (and more recently in silico) biological techniques.
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2.2.2 The nature of sequence patterns

There is no disputing the claim that important information is contained in the pat-
terns of biological macromolecules. Unfortunately, there is no general characteri-
zation for the encoding of information in bio-molecular sequences. Different types
of information are necessarily represented differently.

Of the important patterns in bio-molecular sequences, the most famous is the
gene. In a fixed cellular environment the base sequence of a gene completely de-
termines the conformation of the encoded protein. The encoding scheme used in
genes is called the genetic code and maps triples of bases to amino acids in the
resulting protein (note that the genetic code is surjective but not injective). In this
encoding, the contribution of a single base to the shape of the encoded protein can-
not be determined without knowledge of the adjacent bases, and the location of the
base in the reading frame. When a gene is modified, the result may or may not
be a conformational change in the encoded protein, the effect of which is usually
realized at a great (cellular) distance from the gene.

When a gene is transcribed and the encoded protein is eventually built, the gene
is said to have been expressed (although gene expression is often a matter of de-
grees, and biologists never treat expression as a discrete phenomenon). The expres-
sion of a gene depends on other patterns in DNA, such as regulatory protein binding
sites. Genes are much longer than binding sites; the patterns therefore differ in a
physical characteristic. The two types of patterns also differ qualitatively. The bind-
ing site encodes the important information of what other molecules will bind to it
chemically. This binding property is physical and acts immediately both in terms of
time and space, with information being encoded by single bases instead of triplets.
The total amount of “binding” is equal to the sum of the contributions of each base
making up the binding site, and therefore the contribution of each individual base
can be predicted without knowing the identity of the adjacent bases.

A third type of pattern with important differences is the restriction site. Restric-
tion sites are segments of DNA recognized by restriction enzymes. The restriction
enzymes cut the DNA sequence at the restriction sites, a process that plays a role in
gene expression as well as cell defense. The most interesting property of restriction
sites is that they tend to be complemented palindromes, which are DNA segments
for which the second half of the segment becomes identical to the first half when
reversed and complemented (according to the Watson-Crick rules). Similar to the
binding site patterns, the property of being a complemented palindrome is essential
to binding activity immediately at the site of the pattern. The palindromic encoding,
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however, is quite different from the genetic code. The genetic code can be expressed
as a regular language, while palindromes require context free representation.

The above three examples illustrate the difficulty of obtaining a general char-
acterization for information in DNA. This problem is also seen in RNA and pro-
teins. It is unreasonable to expect any characterization to capture the properties of
all classes of sequence patterns. Specific biological knowledge is still required to
assess the importance of a putative pattern, creating a need for automated pattern
finding methods that are fast enough to keep pace with the biologist’s intuition.

2.2.3 Operational definition of “pattern”

Patterns in bio-molecular sequences can loosely be defined as any feature that re-
peats. This is much too broad a description so an operational definition must be
formulated to restrict the class of objects under discussion. The patterns that have
been the focus of attention in computational biology can be distinguished on many
dimensions and these must be addressed in any operational definition.

In 1989, Staden [82] described a hierarchy of nine classes of motifs, and defined
a pattern as “a higher order of structure formed of motifs”. Common to all classes
of motifs was the property of being “a contiguous section of a sequence”. For any
sequence, the number of occurrences of any contiguous patterns is bounded by a
polynomial (more precisely, a quadratic) function of the length of the sequence,
while the number of non-contiguous patterns is exponential. Non-contiguous pat-
terns offer a more expressive representation, but these patterns are also more diffi-
cult to manipulate from an algorithmic point of view. Staden’s distinction between
“pattern” and “motif” introduces the notion of a meta-pattern, which will not be
treated here. It is important to acknowledge that making a commitment along this
dimension forces a compromise. In order to allow specific properties of patterns
to be exploited in computation, we restrict the relevance of our methods to specific
types of biologically meaningful patterns.

Some means of comparing patterns is essential to our operational definition.
Two distance measures that are commonly used to compare sequences are the
Levenshtein and Hamming distances. The Levenshtein distance (also called edit
distance) is the minimum number of insertions, deletions or substitutions that are
needed to transform one string into another. This distance does not imply that pat-
terns are non-contiguous, indeed there are many types of Levenshtein distances
[44]. These are useful when comparing two strings of differing length or strings
for which the differences are in fact caused by edit operations. Hamming distance
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[17] originated in coding theory and is the minimum number of substitutions that
are needed to transform one string into another. This distance is more restrictive,
but does correctly model a large class of biological objects. Hamming distance can
be made more general by the addition of wild-cards and meta-symbols that can rep-
resent different monomers (basic units). Both of these distances satisfy the axioms
of a metric.

There are biological issues to consider when comparing these two common dis-
tances. The motivation for using Levenshtein distance is often its utility when mod-
eling evolution. When mutation is at action, sequences evolve through the primi-
tive operations of substitution, insertion and deletion®. When comparing sequences
to test a hypothesis based on evolutionary relationships, Levenshtein distance is
valuable. Relationships between sequences have practical value beyond the evolu-
tionary information. When oligonucleotides are designed to hybridize (e.g. probes
and primers, described below), insertions and deletions can safely be ignored and
Hamming distance becomes more useful. The destabilizing effect of one mismatch
between two nearly complementary segments provides an illustration. The free en-
ergy caused by a substitution is approximately 0.8 kcal /mol. When insertions are
allowed, the free energy added by a gap is 3.3 kcal /mol [54]. This difference is the
result of inevitable steric tension (bending the hydrocarbon backbone) caused by
the gap.

A different way to view a pattern is as its set of occurrences. An occurrence of a
pattern is any string fitting the criteria specified by the pattern. This notion is mean-
ingless in the case of exactly matching patterns, for which any two occurrence are
identical; exactly matching patterns are not of concern in this thesis. Among inexact
(or approximate) patterns, there is a distinction between deterministic patterns and
probabilistic patterns [16]. With respect to deterministic patterns all occurrences
are equal, meaning the property of being an occurrence is boolean. This remains
true no matter how the deterministic pattern is specified. The notion of a proba-
bilistic pattern is different in that it imposes a partial order on its occurrences. For
these, being an occurrence is a matter of degrees. Some common representations
for probabilistic patterns are hidden Markov models [53], neural nets [95] and (most
importantly) profiles [42], although each of these can be made deterministic simply
by introducing a threshold. Other representations, such as regular expressions or
signatures [44], are more commonly associated with the deterministic variety. We

4There are other mechanisms acting on a large scale such as inversion, trans ocation, transposi-
tion and duplication [51]. The patterns discussed in this thesis are small enough not to be signifi -
cantly affected by these other mechanisms.



CHAPTER 2. BACKGROUND 18

remark that for theoretical analysis deterministic patterns are more convenient. In
biological applications, probabilistic patterns are often more useful because they
provide an objective function of higher resolution that can better distinguish be-
tween pattern occurrences.

Being aware of how patterns might be characterized is essential, but ultimately
the decision depends on the types of biological objects that the definition must
admit. Single amino acid residues are important for the action of many proteins,
and these can be legitimate patterns, as are entire genomes.

The operational definition is now formalized. Pattern and motif are assumed
synonymous. For the present discussion, a pattern is a contiguous string of specified
length over a finite alphabet that is identical to the alphabet of any occurrences. Pat-
terns are also deterministic, and are compared using the Hamming distance. These
patterns generally do not contain gaps or wild-cards, and may only be compared
if similar in length. Patterns are represented as strings over finite alphabets that
map bijectively to some set of monomeric units making up a molecular sequence.
Because we are only concerned with contiguous patterns, we will not require the
usual distinction between a sequence and a string. Here the term sequence is used
because the strings under discussion are usually representing molecular sequences.
Alphabets usually represent the set of nucleic acids or the set of amino acids, but
unless otherwise stated, the nucleic acids of DNA are assumed. An occurrence of
a pattern is a string of the same length as the pattern that is within some specified
Hamming distance of the pattern.

The operational definition here will admit short sequences, on the order of 10!
to 102 units in length. These patterns are capable of describing DNA binding sites,
genes, amino acid motifs and polypeptides. The definition encompasses many of
the types of patterns of interest in automatic discovery. Examples of these are given
in Section 2.2.4.

2.2.4 Importance of sequence pattern discovery

Applications of pattern discovery in the biological sciences are numerous and the
examples given here are not comprehensive. All the examples presented below have
either explicitly or implicitly influenced the material presented in later chapters.

Classification One of the most obvious uses of pattern discovery in biological
sequences is sequence classification. The goal of such classification is, given a set
of sequences, find patterns within the sequences that can be used to define member-
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ship in the set. This is the basic problem of inductive learning: given a training set
of sequences, find the pattern that will allow the classification of sequences not in
the training set. The PROSITE database [7] is an example of this use of patterns.
Although classification is not directly motivating the problems examined in this
thesis, its influence is significant in that many important techniques of pattern find-
ing (some influencing the present research) have been concerned with classification
problems.

Function Prediction Another strong motivating factor is homology (i.e. struc-
tural similarity) based function prediction. This method uses the homology between
an unknown sequence and a sequence of known function to extrapolate the function
of the unknown sequence. The method is based on Gusfield’s first fact of biological
sequence analysis:

“In bio-molecular sequences (DNA, RNA, or amino acid sequences),
high sequence similarity usually implies significant functional or struc-
tural similarity.”

— Gusfield [44]

So if two sequences share a significant homology, they probably have similar func-
tions. This fact is not absolute (recall that in biology there are exceptions to every
rule), but it provides a basis for inquiry that can generate inferences about function.
It is also important to note that the converse does not hold. These inferences can
then be verified using traditional biological and chemical methods.

One successful example of function prediction has been the classification of E.
coli genes according to a pattern appearing upstream of the gene. Cyclic AMP
(3, 5’-cyclic adenosine monophosphate) is a regulatory element in animal cells and
bacteria. It is known that CRP (Cyclic AMP response protein) works in conjunction
with Cyclic AMP to regulate the lactose operon in E. coli [11]. The binding speci-
ficity of CRP is well known [10] and sequences containing CRP binding sites have
been used extensively as test sequences for pattern finding programs [55, 71, 83].
Attempts to characterize the CRP binding site in terms of a pattern have also moti-
vated the development of statistical scoring schemes.

Oligonucleotide Design  The design of custom oligonucleotides, or oligos, short
segments with particular hybridization specificity, has also motivated the develop-
ment of pattern finding methods. Such custom oligos as probes and primers have
become essential to research in the biological sciences.
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e Polymerase Chain Reaction (PCR) is an established experimental technique
that allows the amplification of a DNA segment (called a template) between
two known DNA segments [64]. This in vitro technique makes use of the nat-
ural machinery of DNA replication. PCR amplification is achieved by using
oligonucleotide primers, which are single stranded DNA segments comple-
mentary (with the possibility of a small number of mismatches) to the known
segments bracketing the template. As explained in Section 2.2.1, it is the na-
ture of DNA for complementary strands to hybridize by forming hydrogen
bonds between complementary bases. A solution is created containing the
target DNA (the sequence containing the template). The primers are inserted
into the solution and hybridize to the bracketing segments, single stranded
due to heat denaturation, then extended as in vivo by DNA polymerase. The
procedure is cycled through generations where the number of sequences of
the template doubles each generation.

The specificity of amplification by PCR depends on the specificity of primer
hybridization. It is essential to design primers that only hybridize with the
segments bracketing the template. In case there are multiple targets, there is a
need to design primers that may be able to recognize multiple segments. For
primers with multiple targets, the maximum number of mismatches that still
allow hybridization is a significant factor in primer design.

e Another experimental technique that requires specially designed oligonucleotides
is the use of probes for identifying molecular sequences within the cell or in
vitro [84]. Chemically modified segments of DNA or RNA can be inserted
into cells or solution and their binding behavior observed. Observation of
the sequences is facilitated by the chemical modification. The probes are
designed to hybridize with specific types of sequences. This has numerous
applications, some of the most interesting include forensics, genetic screen-
ing and diagnosis. For example, segments of DNA can be constructed with
sequences complementary to bacterial segments suspected of causing an in-
fection. The probes are inserted into an infected cell. If the probes hybridize
to sequences inside the cell it can be concluded that the bacterial sequence
is present. Such a conclusion relies heavily on the ability of the probe to
identify its target within a complex mixture of biological macromolecules.

More complex hybridization behavior is desired when operating under un-
certain conditions. If a probe is developed from a known polypeptide, or
intended to hybridize with all members of a particular family of segments,
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then the pattern representing the probe will not be exact (i.e. the pattern will
have multiple distinct occurrences). The purpose of complex and degenerate
probes is not to target unambiguous sequences, but to detect a set of segments
that can be examined more precisely later.

e One of the most interesting applications of custom oligonucleotides is an-
tisense technology. Antisense technology is the name given to a class of
technologies related by their use of antisense oligonucleotides to explore and
control gene expression [65]. These techniques have shown promise as ther-
apeutic agents for the treatment of HIV and cancer [43].

The name antisense refers to the strand that is complementary to the strand
of interest, and the hybridization of complementary strands is the foundation
of antisense technology. It is thought that it will provide a general means
of controlling gene expression [66]. One mechanism of action for antisense
oligonucleotides, once introduced into the cell, is to hybridize with single
stranded mRNA, preventing its translation. Another mechanism is to intro-
duce the antisense strand into the nucleus having it form a triple helix with
the promoter region of genes to be inhibited, interfering with normal tran-
scription.

The implications of this technology are immense, and the technology is still
hindered by issues relating to the delivery and degradation of the antisense
oligonucleotide. Once these problems are solved, the challenge will be to
design oligonucleotides with the proper hybridization properties. This will
reduce to a pattern finding problem in sets of sequences.

2.3 General Propertiesof the Central Problem

The next three chapters contain a detailed theoretical analysis of the pattern discov-
ery problem. The problem is abstracted into three distinct forms for the analysis,
but the set of problem instances for each abstraction is essentially the same. This
section introduces the decision problem investigated in Chapter 3 as a means of
introducing some general properties that will be used throughout the remainder of
this thesis.

COMMON APPROXIMATE SUBSTRING (CAS)
Instance: A family F = {54, ..., S,,} of strings over an alphabet ¥ such that for
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all S € F,|S| = n, and two positive integers [ and d suchthat 1 < d < [ < n.
Question: Is there a string C € X' such that for each S € F, there exists a length {
substring s of .S with the property that dy(s,C) < d?

The function dy denotes the Hamming distance between strings. The following
definition places the problem in a geometric context.

Definition 2.3.1 (radius) Let F be a family of strings, and [ a positive integer. For
any S; € F, let s;; be the j' length [ substring of S;. The radius of F is defined as

radius(F) = min max min  dg(s;;,C).
cext Si€F 1<j<m—I+1

For any C € X!, the radius of C with respect to JF is defined as

radiusz(C) = max  _min du(siz,C).

The next results are essential to understanding the nature of the problem instances.
The proofs are omitted.

Proposition 2.1 Let F be a family of strings with radius(F) = d, and let C € %!
satisfy radiusz(C) = d. Consider any two strings S, S" € F with length [ substrings
s and ¢, respectively. If s and s’ are occurrences of C, then

dp(s,s") < 2(radius(F)).

If, in addition, d(s, s’) is the largest distance between any pair of occurrences of
C, then
radius(F) < dgy(s, s).

For any string S, let S[p] denote the character in the p** position of S. Let s; and
s, be two strings in X!, Strings s; and s, are said to agree at position p if and only
if s1[p] = s2[p|, otherwise s; and s, disagree on position p.

Proposition 2.2 Let F be a family of strings with radius(F) = d, and let C € X!
satisfy radiusz(C) = d. If {s1,...,s,} is a set of occurrences, one from each
S; € F,and 1 < p <, then for any character «,

(V1 <i<m,sifp] = o) = (Clp] = ),
and there exists a C’ € X! such that

(C'p] =a) = (31 <i<m,sp] = a).
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Definition 2.3.2 (neighborhood) For a string S € X", with n > [, the (/,d)-
neighborhood of S'is the set

{s': s € X' Ady(s,s') < dfor some substring s of S with |s| = [}.

For any string S, we use N, 4(S) to denote the (I, d)-neighborhood of S. For a
family F of strings, the (, d)-neighborhood of F is the set

{5 e AVS € F, s € Niy(S)},

and is denoted IV, 4(F).

We also define the value

N = i<)|2|—1

and note that this value appears throughout our analysis. The significance of N is
that for a string s with |s| =1, N = | N 4(s)|.

Definition 2.3.3 (column majority) For any set of strings K C X! and any posi-
tion p (1 < p <), if « satisfies

{s € K : slp) = a}| = max|{s € K : slp] = 5}

then « is a column majority character for position p in K. A column majority string
is defined in the natural way as a string having a column majority character at each
position.

Note that column majority characters and strings may not be unique, and there can
be up to |3| column majority characters at any position, and up to |%|’ distinct
column majority strings.

The COMMON APPROXIMATE SUBSTRING problem does not immediately sug-
gest a polynomial time solution. In such cases the logical first step in complexity
analysis is to determine membership in NP. The algorithm VALID (presented in Al-
gorithm 1) demonstrates that COMMON APPROXIMATE SUBSTRING can be solved
in non-deterministic polynomial time. The algorithm simply aligns the putative
center with all possible length [ substrings in the set of sequences given as input,
counts the number of matching positions, and returns whether or not each sequence
contained an occurrence.
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Algorithm 1: Pseudocode for the VALID algorithm.

Input: A family of strings F = {S1,...,S,}, astring C € X!, and an
integer d suchthat 1 <d <.

Output: A boolean value indicating whether there is a length [ substring in
each member of F with distance at most d from C.

VALID(C, F,d)

1 [ —|C|

2 r—true

3 fori — 1tom

4, z; — fal se

5 for each length [ substring s of .S;

6 if dy(C,s) <dthenxz; —true
7 ifr, =fal se thenz « fal se
8 return x

The VALID procedure can non-deterministically solve COMMON APPROXIMATE
SUBSTRING if it is coupled with an oracle for producing a valid center whenever
one exists. This algorithm is an important subroutine in many procedures through-
out this thesis. The time complexity of the algorithm as it is presented in Algorithm
1is ©(mnl). A similar procedure is needed if the radius of a problem instance is
required. Such a procedure is useful in the context of optimization. Pseudocode
for SCORE is provided in Algorithm 2. The SCORE algorithm has the same com-
plexity as the VALID algorithm, which is apparent from the similar structure of the
algorithms.
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Algorithm 2: Pseudocode for the SCORE algorithm.
Input: A family of strings F = {S1,...,S,,} and astring C € %
Output: The radius of C with respect to F.
Score(C, F)

1. [ —|C|

2 d—0

3 fori«— 1tom

4, d; «— 00

5. for each length [ substring s of .S;

6 if dg(C,s) <d;thend; — dg(C, s)

7 ifd; >dthend « d;

8 return d

After determining membership in NP, the crucial question is whether COMMON
APPROXIMATE SUBSTRING is in P, or NP-complete. Unfortunately, the problem is
known to be NP-complete, a fact first proved in [34] for the restricted case where
¥ = {0,1} and I = n. The proof is not presented here; various proofs of the NP-
hardness of COMMON APPROXIMATE SUBSTRING appear throughout Chapters 3
and 4.



Chapter 3

Parameterized Complexity Analysis

For the general parameterized problem COMMON APPROXIMATE SUBSTRING there
are many parameters that can be fixed making it a good candidate for study under
parameterized complexity. The parameterized version is stated as:

COMMON APPROXIMATE SUBSTRING, CAS
Instance: Aset F = {S,,..., S} of strings over an alphabet ¥ such that | S;| < n,
1 <i < m, and positive integers l and d such that 1 < d <[ < n.

Parameter: Alphabet X and positive integers m, n, [ and d.

Question: Is there a string C € X! such that for each string S € F, C is Hamming
distance < d from some length-/ substring of F?

The size of the input is mn, which is often dominated by the length of the strings
in F, but occasionally m > n (see, e.g., [86]). For this reason we include n in the
list of possible parameters.

3.1 Fixed Parameter Tractable Variants

Exact FPT algorithms for COMMON APPROXIMATE SUBSTRING are of particular
interest in computational biology [14]. The discussion in Section 2.2.4 described
many examples where the values of m, [, d and X are very small compared to n.
Among them were the design of DNA sequence primers, probes to detect sequence
presence and distinguish sequences, and complementary sequences to block bind-
ing sites. Typically these require only small parameter values. For example, in-
stances of COMMON APPROXIMATE SUBSTRING that occur in the design of DNA
primers for groups of sequences have very small values for 3|, d, and [, e.g.,
|¥] = 4,d < 3,and [ < 25 [30]. COMMON APPROXIMATE SUBSTRING has a
substantial body of previous algorithmic work, but much of this work is on heuris-
tic algorithms. Theorem 3.2 also appears in [29] where CAS is treated in the context

26



CHAPTER 3. PARAMETERIZED COMPLEXITY ANALY SIS 27

of a more general problem.

Simple enumeration Generate all possible strings of length [ over 3 and examine
each of these strings to see if it is a center for . There are |X|' such strings and
each of these strings can be checked in O(mnl) time using the VALID algorithm
from Section 2.3; hence, the algorithm as a whole runs in O(|3|'mnl) time and
O(mn) space. This is essentially the first algorithm given in [92]. The advantage of
this approach is that the total space required is only a constant function of the input
size.

The DevelopCenter algorithm We introduce a new character x ¢ X, called the
blocking character. The importance of x is that it always induces a mismatch when
compared to a character in F. Let C be a length [ string containing at most d
occurrences of the blocking character x. Let s be a length [ substring of string
S € F. A substitution of C under s is a set of modifications to C that replaces
of a subset of the occurrences of character x in C with the characters appearing in
corresponding positions of s. A minimal matching substitution is a substitution that
resultsin dy (C, s) < d, with the additional property that no substitution replacing a
subset of those same positions results in dy (C, s) < d (note that a minimal matching
substitution need not be unique). As an example, consider the strings acgta and
axxxa. If axxxa is to be modified so that it is a center for acgta with maximum
distance 1, then there are three minimal matching substitutions. When applied to
axxxa, the minimal matching substitutions produce the set of strings {acgxa, axgta,
acxta}.

The DEVELOPCENTER algorithm is based on the observation that to find a cen-
ter, it is sufficient to obtain a single occurrence of the center, then change characters
in up to d positions of that occurrence. When the algorithm begins, an arbitrary
string S € F is removed from F. For each length [ substring s of S, let C = s,
and for each size d set of positions in C, change the characters at those positions to
the blocking character . The second stage of the algorithm proceeds recursively,
developing a center C by substituting characters of > back into positions occupied
by the blocking character. For each recursive call, a string .S’ is arbitrarily removed
from F. If the center C currently being developed has distance at most d from some
substring of S, then another recursive call is made immediately. If all substrings of
S’ differ from C in more than d positions, alternative centers are produced by mod-
ifying C. For each substring s € S’, such that dy (s,C) < 2d, a set M of alternative
centers is obtained by making minimal matching substitution to C under s. For each
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C"in M, arecursive call is made, with C’ passed as the center to further develop. If
the set 7 becomes empty, then the center currently being developed is valid for the
original set of strings F (i.e. before any strings were removed), and the algorithm
returns that center.

The set M of alternative centers is defined as the set mm/(C, s) of all strings C’
such that dy(s,C’) = d, dg(C',C) = dg(s,C) —d,and forall 1 < p <[, C'[p] #
C[p] implies that C[p] = z. The set mm(C,s) contains all strings obtained by
making a minimal matching substitution to C under s. Since all minimal matching
substitutions make the same number d' = dg(s,C) — d of changes to blocking

characters in C,
d d
|mm(C, s)| = (d’) < (d)
2

and the set mm(C, s) can be computed in O((7,)) time.

The DEVELOPCENTER algorithm, described below in pseudocode, accepts as
input a family of strings 7 = {S1,...,S5,,} and a string C. For the initial call to
DEVELOPCENTER, the string C given as input is the empty string A. The algorithm
outputs a center for F, if one exists.
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Algorithm 3: Pseudocode for the DEVELOPCENTER algorithm.
DEVELOPCENTER(F, C)
1. if 7 = () then return C

2. ifC =\

3. Let S be an arbitrary string in F.

4. for each length [ substring s of S

5. C+«s

6. foreach B C {1,...,1},suchthat |B| = d
7. V positions p € B, substitute C[p] < x
8. DEVELOPCENTER(F \ {5}, ()

9. ifC#\

10. Let S be an arbitrary string in F.

11. branch < t r ue

12. for each length [ substring s of .S

13. if dy(s,C) < dthen branch — f al se

14, if branch =f al se then DEVELOPCENTER(F \ {S}, C)
15. if branch =t rue

16. for each length [ substring s of S

17. if dy(s,C) < 2d

18. Let M be the set mm(C, s).

19. foreachC' € M

20. DEVELOPCENTER(F \ {S}, C')

Theorem 3.1 The DEVELOPCENTER algorithm requires O (mn®'192%") time.

Proof. Consider the recursion tree of DEVELOPCENTER as the search space of the
algorithm. The time complexity of the algorithm has a factor of ”(clz) representing
the out degree of the root of the search tree. A branch point refers to a string that
the center must accommodate through a substitution. Since there can be at most d
substitutions for blocking characters in a string, there are at most d branch points
on any path from root to leaf in the search space. The out degree at each branch
point is at most n(dc/g), corresponding to the maximum number of substrings that
must be tried, multiplied by the maximum number of minimal matching substitu-
tions that must be tried. The number of leaves in the search space cannot exceed

n(t) (n(d‘/iQ))d and ©(nm) time is required for each leaf. Hence, with the binomails

in closed form, the time complexity of the algorithm is bounded by O (mn®17924),
Il
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Of note is the absence of any parameter representing the alphabet, i.e. || or
both m and n, in the exponent of the time complexity expression for DEVELOP-
CENTER.

Theorem 3.2 cAs(|X|,[) and cAs(n) are fixed parameter tractable.

As previously stated, there are problem instances where n is fixed [86]. For our
purposes, CAS(|X|, 1) is the only tractable variant of CAS.

3.2 Parameterized Hardness

The hardness of several fixed-parameter variants of COMMON APPROXIMATE SUB-
STRING is proved here by parameterized reductions from problems with known
parameterized complexity. The following problems will serve as source problems
in our reductions:

CLIQUE [36, Problem GT19]

Instance: A graph G = (V, E).

Parameter: A positive integer k.

Question: Is there a set V' C V' of k vertices that is a clique of G (that is, a set V’
that forms a complete subgraph of GG)?

DOMINATING CLIQUE [26, Page 463]

Instance: A graph G = (V, E).

Parameter: A positive integer k.

Question: Isthere aset V! C V of k vertices that is both a clique and a dominating
set of G (that is, a set V'’ such that each vertex in G is either in V'’ or adjacent to a
vertex in VV')?

SET COVER [36, Problem SP5]

Instance: A set B of elements, a family of sets £ such that £; C B, (1 <1i < |L])
and a positive integer k.

Parameter: A positive integer k.

Question: Is there a size k subset R C £ such that U, crR; = B?
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3.2.1 WI[1]-hardness of cas(m, ()

To show W[1]-hardness for cAs(m, 1), we give a parameterized reduction from the
W][1]-complete problem cLIQUE [26]. Note that versions of this reduction were
developed independently in [29] and [32]. Let G = (V, E') be a graph for which we
wish to determine whether G has a k-clique. We construct a family F of m = fi(k)
strings over alphabet ¥ that has a center of length I = f,(k) if and only if G contains
a k-clique. Assume for convenience that the vertex setof GisV = {1,...,|V|}.

Target parameters The number of strings in F ism = fi(k) = (’;”) The length
of center Cis | = f,(k) = k + 2, and the maximum distance between occurrence
and center is d = f3(k) = k — 2. The maximum length of any string in F (which is
not fixed in the reduction) is n = f4(G, k) = (2k + 4)(|E|).

The alphabet The string alphabet is ¥ = X; U X U X35. We refer to these as
vertex characters (1), unique characters (3,), and alignment characters (33):

¥ = {1,..., |V},
Yo = {Setof characters occurring uniquely in F},
23 = {A, B}

The characters of X2, are denoted by «. All occurrences of this character are unique
characters.

Substring gadgets We next describe the two “high level” component substrings
used in the construction.
Edge Selectors:

(edge(i, §)(p, q)) = AuVpul==Vqu*-I B

Separators:

(separator) = u"?

The reduction  The (%) strings in F correspond to the (%) edges in a k-clique:
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Figure 3.1: This is example graph 1. The vertex set {1, 2,4, 5} forms a 4-clique.

Sy9: A12uuBu® A13uuBub Al4uuBub A23uuBub A24uu B
Si3: AluduBub AluduBub AlubuBub A2uduBub A2ubuB
S1a: Aluud Bu® Aluub Bu® A2uub Bub A3uu6 B

Sos: Au23uBu® Au24uBub Au25uBub AudbuB

Sos: Au2ud Bu® Au2ub Bu® Au3u6B

Sas: Auu36Bub Auudb Bub Auub6B

Figure 3.2: cAS(m, 1) representation for example graph 1 (desired clique size k£ =
4).

String S;; is composed of edge components arranged in the following manner
(where product notation refers to concatenation and is ordered):

Sij = H (edge(i, j)(p, q)){separator).

(r.9)€EE

Pp<gq,i<p

J—i<q—p

q<|V|=k+j

An example of the reduction for the graph in Figure 3.2.1 and a desired clique size
4 can be seen in Figure 3.2.1. Any center for F will have the property that all
positions other than the terminal positions will be occupied by vertex characters in
ascending order.

The proof of correctness of this reduction exploits some interesting properties
of F. These properties are examined with the aid of the following definitions and
conventions. An occurrence that begins and ends with alignment characters is said
to be in-phase. Vertex positions are those positions in a string or substring occupied
by characters from X, (the vertex characters). Note that for string S;;, the vertex
positions are positions 7 and j to the right of the initial alignment character. For any
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vertex position 7, the vertex group of ¢, denoted V;, is defined as the set
Vi={Su i<z <k}U{S;:1<x<i}

The intended role of V; is that the occurrences of center C from V; determine the
character at position ¢ in C. Without loss of generality, it is assumed that no two
occurrences can come from the same string.

Lemma 3.1 Let C be a center for F. The following are true:
1. C begins with character A and ends with character B.
2. No position in C is occupied by a character from .
3. If Z is an occurrence of C, then Z is in-phase.

4. The k£ — 1 occurrences from any vertex group are sufficient to completely
determine C.

Proof.

(1) Suppose C begins with a character other than A. Then the separation between
A and B in members of F prevents any occurrence from matching both A and B in
C. In order to match C at 4 positions, each occurrence must then match in a position
occupied by a character from X,. Since there are only £ — 2 such positions but
(5) > k — 2 occurrences, then by the pigeonhole principle this results in a contra-
diction with the uniqueness of the characters in X,.

(2) Suppose C contains a character from X3, in position z. Then at most one occur-
rence matches C at position z. Consider the vertex group V,. Any occurrence from
V), that matches C out-of-phase must determine a unique character, since it cannot
match both A and B. Suppose some occurrence from ), matches C in phase. Then
it will not match C at position z and therefore must determine a unique character.
Since all occurrences from V), determine unique characters, and |V,| = k£ — 1, at
most one occurrence can match C at 4 positions, contradicting the fact that C is a
center for F.

(3) Suppose some occurrence matches the center out-of-phase, then that occurrence
cannot match both A and B and so must match some position containing a charac-
ter from X5, contradicting Part 2.

(4) Suppose C has been partially determined by occurrences from V., c V., for
vertex position z. Consider occurrence Z from S, € V. \ V.. By Parts (2) and
(3), Z must match the alignment positions, and positions z and x. Since 7 is the
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only member of V), that can determine a non-unique character at position z, that
position has not yet been determined. In order for Z to match 4 positions of C, 7
must determine position z in C. The first occurrence determines 4 positions in the
center, and the remaining & — 2 occurrences each determine an additional position,
a total of £ + 2 positions. [

Lemma 3.2 CLIQUE parametrically reduces to CAS(m, [).

Proof. The reduction runs in time that is fixed-parameter tractable relative to m,
[, and d, so we need only show that the reduction is correct. Suppose there is a
k-clique in G. Given the vertices in a clique, place their corresponding characters
from X; in ascending order between characters A and B. It is easy to verify that
the resulting string is a center for F. Conversely, suppose there is no k-clique in G
and there is a center C for those strings in vertex group ), where vertex v occupies
vertex position z. By Part (4) of the Lemma 3.1, occurrences from V), completely
determine C. Consider any set of vertices NV, |N| = k — 1, neighboring v in G.
Since there is no k-clique, some pair of vertices a,b € N are not adjacent in GG. By
the construction of F, for any pair <, j of positions, no length-/ substring of .S;; can
have both character « at position 7 and b at positions j. Therefore C is not a center
for 7. O

Theorem 3.3 cAs(m, () is W[1]-hard.
Proof. Follows from Lemma 3.2 and the W[1]-hardness of CLIQUE [26]. [

3.2.2 WI]2]-hardness of cas(/)

To show WI[2]-hardness for cAs(l), we give a parameterized reduction from the
WI[2]-complete problem DOMINATING CLIQUE [26]. Let G = (V, E) be a graph
for which we wish to determine whether G has a dominating clique of size k. We
construct a family F of m strings, over alphabet >, that has a common approximate
substring of length [ and distance d if, and only if, G contains a dominating clique
of size k. Assume for convenience that the vertex setof GisV = {1,...,z}. The
alphabet and substring gadgets are exactly the same as for the reduction in Section
3.2.1.

Target parameters The number of strings in F ism = fi(k,G) = (’;) + |V,
which is no longer independent of |G|. The functions f, to f, remain as defined for
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o[ 4

Figure 3.3: This is example graph 2. The vertex set {2, 3,4} forms a dominating
3-clique.

the reduction in Section 3.2.1.

The reduction  The strings will form two groups F = F¢, U F¢, having distinct
roles. The (’;) strings in F;,, are exactly those described in the previous reduction.
These have the same role: determining a center that corresponds to a k-clique in G.
The strings of F,, are responsible for verifying that any center determined by
occurrences from F,, corresponds not only to a k-clique, but to a dominating set
as well:
Fay ={Svp:1<p<|V]}.

String Sy, is composed of all edge components having the character ¢ € ¥, such
that ¢ is a neighbor of p. The components are arranged in the following manner
(where product notation refers to concatenation and for any vertex z, N|z] is the set
of neighbors of x):

Svp= [] {<6d96(i,j)(q’,Q))<sepamtor> it o <q.

Ao\ (edgei, ) (a, ) (separator) it q< .

q'€N|[qg]
1<i<j<k

An example of this reduction for the graph in Figure 3.2.2 and a desired dominating
clique size of 3 can be seen in Figure 3.2.2.

Lemma 3.3 DOMINATING CLIQUE parametrically reduces to cAs(]).

Proof. The construction described above runs in time that is fixed-parameter tractable
relative to [ and d, so we need only show that the reduction is correct. As was shown
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Sya: Al12uBu® Al4uBu® A23uBu® A24uBu’® A34u B
Sis: AludBu® A2ud Bu® A3ub B
Sas: Au23Bu’® Au24 Bu® Au3ABu® Au35 B

Svi: Al2uBu’ Al4uBu® A23uBu’ A24uBu’ A34uB
Alu4 Bu’® A2u4 Bu® Au23 Bu® Au24 Bu® Au3AB

Sy,: A12uBu® Al4uBu® A23uBu® A24uBu’ A34uB
Alud Bu® A2u4 Bu® A3ub Bu® Au23 Bu® Au24B
Au34Bu® Au3bB

Sy,: Al12uBu® Al4uBu® A23uBu® A24uBu’ A34uB
Alu4 Bu’® A2u4 Bu® A3ub Bu® Au23 Bu® Au24B
Au34Bv’ Au3bB

Sy,: A12uBu’ Al4uBu® A23uBu® A24uBu’ A34uB
Alud Bu® A2u4 Bu® A3ub Bu® Au23 Bu® Au24B
Au34Bu’ Au3bB

Sv.: A23uBu® A34uBu® A3ubBu® Au23 Bu® Au34B
Au3bB

Figure 3.4: cAs(l) representation for example graph 2 (with desired dominating
clique size k& = 3).

in Lemma 3.2, a center for F,, can be obtained from any k-clique in G. Suppose
some V' C V is both a k-clique and a dominating set for GG. For all verticesp € V,
there exists vertex ¢ € V"’ such that pg € E. The substring of Sy, that encodes any
of the k£ — 1 clique edges incident on vertex p will serve as an occurrence for the
center. Therefore a dominating k-clique in G implies a center for F.

Conversely, the absence of a k-clique in G implies the absence of a center for
Fep- Suppose no k-clique is also a dominating set in G. If there is a clique in G,
there will be some vertex p € V' having no neighbors in the clique. For all substrings
of Sy, € Fg,, none will correspond to an edge in the clique and therefore none
will match the center sufficiently to be an occurrence. [

Theorem 3.4 cAs(l) is W[2]-hard.

Proof. Follows from Lemma 3.3 and the W[2]-hardness of DOMINATING CLIQUE
[26]. O
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3.2.3 WI[2]-hardness of cAS(m, |X]|)

To show W[2]-hardness for cAs(m, | X|), we give a parameterized reduction from
the W[2]-complete problem SET COVER [26]. This result both strengthens and
complements the W[1]-hardness result given in [32] for cas(m, | X|) when |X| = 2.

Let I = (B, L) be an instance of SET COVER. Without loss of generality, as-
sume that the elements of B are the integers [1, |B|]. We show how to construct an
instance F of cAs(m, |X]) such that I has a cover of size & if and only if F has a
center with a particular maximum distance to any occurrence.

Target parameters The number of strings in F is m = fi(k) = 2k. The length
of the center C is | = fo(L, k) = k|B| + 2, and the maximum distance between
occurrence and center is d = f3(£, k) = (k — 1)|B|. The maximum length of the
strings in Fisn = fi(L, k) = 2(k|B| +2) - |£] — 1, and the alphabet size is
| X = f5(k) =3k + 1.

The alphabet The string alphabet is ¥ = ¥; U 35 U {A}. We refer to these as
solution characters (X;), unique characters (33) and the alignment character (A),

with
Y1 = {s1,-.., Sk},
Yo = {U11>U12>U21>U22>--wuklyukz}-

For 1 <1 < k, we assume without loss of generality that character s; is the integer
1. The characters of X,, denoted by u with subscripts, are identical within a string,
but different between strings.

Substring gadgets We next describe the three “high level” component substrings
used in the construction. For Membership Indicators, the product is ordered and
refers to concatenation.
Fillers:

(Filler(i))y = s\~ DP

7

Separators:
(k|B|+2)
p

(Separator(i,p)) = u

Subset Indicators:

(Subset(i, j,p)) = [ [ 9(i. 4. p. )
beB
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B: {1,2,3,4,5,6,7}

Ly {1.4,6)

Lo {1,2,4)

L3: {3,5}

Ly {1,2,3,7}
k: 3

Figure 3.5: Example instance of SET COVER.

The Fillers are strings of length (k—1)|B| and each corresponds to some £; € L.
The Separators are strings of length k|| 4 2. Each is comprised entirely of charac-
ters from X, and the variable p takes values from {1, 2}. The Subset Indicators are
used to indicate the sets that make up a cover. The function g is defined as

S; if bELJ’,

g(i, j,p,b) = _
u;, Otherwise.

The reduction Each of the k sets in the solution R of I is represented by a pair

of strings in F. In particular, the occurrences in strings S;;, S;» € F correspond to

the i*" set in R. Define

Su= [ A(Subset(i,j,1))(Filler(i)) A{Separator(i,1)),

1<5<|£]

So= [[ A(Subset(i,j,2))(Filler(i)) A{Separator(i,2)).

1<5<|£]

The family of strings is then F = {S11, S12, S21, S22, - - -, Sk1, Sko}. Note that no
matter what set of substrings is taken as occurrences of a center, aside from the
positions containing alignment characters, any position has at most two strings with
the same character. An example of this reduction is provided in Figures 3.2.3, 3.2.3,
and 3.2.3. For Figure 3.2.3, the subscripts are left out of the unique characters; these
are given unique symbols in Figure 3.2.3.

Define d as the minimum possible value of d for a set of occurrences. The proof
of correctness for this reduction rests on a function d that provides a lower bound on
d. For a collection of potential occurrences of a center string for F, define z;; asthe
indicator function that has the value 1 if S;[;] is not the column majority character in
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S11 0 AluulululAu?®A11utuuunl *Au®2Auuiuluul Au?3A11 1uuul 114403
Sio @ Aluululul?Au?®A11utuunl*Au®®Auuiuluul HAu?BA11 1uuul 114403
So1 : A2uu2u2u2'4AuA22u2uuu24Au?® Auu2u2uu2 4 Au?BA222uuu224Au?
Soo : A2uu2u2u2'4Au?A22u2uuu2i*Au?3 Auu2u2uu2t4Au?3A222uuu224Au??
S31 : A3uudu3du3'4Au?3A33u3uuudl*Au?®Auududuu3dt*Au?A333uuu33t4au?
S35 : A3uudu3du34Au?3A33u3uuudi*Au?®Auududuu3t*Au?3A333uuu33i4au?

Figure 3.6: cAs(m,|X|) representation for the example instance of SET COVER
given in Figure 5. The character u denotes a character that differs across strings.
The underlined substrings are expanded and explained in Figure 3.2.3.

column ;5 of the aligned occurrences and the value 0 otherwise (in case there are two
or more characters that may serve as column majority, one is arbitrarily selected).
Given z;;, function d is defined as follows:

J— {Zézlzﬁlziﬂ

m

Lemma 3.4 d < d.

Proof. Let F be a set of strings and X be a set of occurrences for an optimal
center C for F. The character at each position j will cause at least m — >~ | z;;
mismatches between C and members of X. Since there are [ positions in C, there
are at least ) ;" | E;Zl 2;; mismatches between C and members of X. The largest
distance between C and any member of X must be at least the smallest integer not
less than the arithmetic mean of the total distance, whichis [(>_", Zé.:l zii)1/m.
U

As a corollary to Lemma 3.4, the following can be demonstrated by substituting
the appropriate values into the formula for d.

Lemma 3.5 If the column majority character occurs at most twice in any column,
thend > 1 — 2.

Lemma 3.6 Let F be a set of strings constructed as described in the reduction and
let C be a center for F. Then C must begin and end with the alignment character,
and so must all occurrences.
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Sy [1]: Alaalalalll11111111111A
Si2[1]: Albblb1b11111111111111A
So1[93): ACC2C2CC22222222222222A
S22[93]: Add2d2dd22222222222222A
Sa1[139]: A333eee333333333333333A
S32[139]: A333f f f 333333333333333A

Center String:  A333121311111222222333A

d=(k—1)B| = 14.

Figure 3.7: Expanded diagrams of the substrings underlined in Figure 3.2.3, along
with an optimal center string for the instances. Underlined characters are those
matching corresponding positions in the center.

Proof. Suppose the center C does not begin with the alignment character; then
by the separation between alignment characters in members of F, no occurrence
can match two alignment characters in C. As all but one column has at most two
occurrences of the column majority character, we can rewrite the bound on d given
in Lemma 3.5 with the substitutions m = 2k and [ = k|B| + 2 to obtain d >
(k — 1)|B] + &L, A symmetric argument establishes that C must end with the
alignment character.

Suppose some occurrence begins or ends with a character other than the align-
ment character. Then that occurrence cannot match C at those positions. Again
using Lemma35,d > (k—1)|B+ 2. O

Lemma 3.7 SET COVER parametrically reduces to CAS(m, |X]).

Proof. The construction described above runs in time that is fixed-parameter tractable
relative to m and |X|. Hence, we need only show that the reduction is correct.
Suppose there is a cover R for B, such that |R| = k. From R, construct a
center C for F as follows. (1) The first and last positions of C are assigned the
alignment character A. (2) The next |B| positions, used to represent elements of the
base set, are each assigned a character indicating one of the sets in R that covers
the corresponding element. For each b € BB, choose some £; € R, such thatb € £;,



CHAPTER 3. PARAMETERIZED COMPLEXITY ANALY SIS 41

as covering b. Since R is a cover for B, there is at least one such choice for every
b € B. If L; is chosen to cover b, then s; is assigned to position b+ 1 in C (recall that
the elements of 3 have been equated with the integers 1 to |5|). (3) The remaining
(k — 1)|B| positions of C correspond to the Filler gadgets. For each £; € R, if
x; positions (0 < z; < |B|) of C have been assigned characters corresponding
to elements in £;, then |B| — x; positions in the Filler part of C are assigned the
character s;. If £; € £ is the 7' set in R, then the substring of S;; (and of S;,) that
begins and ends with the alignment character, and contains the j** Subset Indicator,
matches C in exactly 2 + |B| positions. Therefore C is a center for F with distance
exactly (k — 1)|B| to any occurrence.

Suppose there is a (k — 1)|B| center C for F constructed as per the reduction
from an instance of SET COVER. By Lemma 3.5, the column majority character
occurs at least twice in each column, implying all but the first and last positions of
C are occupied by solution characters (i.e. from X;). For each distinct i and i/, the
occurrences of C from S;; and S;;; match C at distinct sets of positions. Consider
the k& occurrences of C from S;;, 1 < i < k. The sets of positions in C that are
matched by these occurrences must collectively match all positions of C. Hence the
corresponding subsets from £ cover all elements of B. [

Theorem 3.5 cAs(m, |X|) is W[2]-hard.

Proof. Follows from Lemma 3.7 and the W[2]-hardness of SET COVER [26]. O

3.2.4 Other hardness results

The next result, due to Todd Wareham [91], indicates that unless P = NP, there
is no algorithm for COMMON APPROXIMATE SUBSTRING with time complexity
O((mn)?=DY or O((mn)?=9),

Theorem 3.6 cAs(]X]) and cAas(l — d) are not in XP unless P = NP.

Proof. Follows from the NP-hardness of CLOSEST STRING when || = 2 [34], and
the NP-hardness of COMMON APPROXIMATE SUBSTRING When | — d = 4 demon-
strated by the reduction from CLIQUE in Section 3.2.1. [
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3.3 Membership in the W-Hierarchy

To show inclusion of parameterized variants of COMMON APPROXIMATE SUB-
STRING in classes of the W-Hierarchy, solution checking circuits of limited weft
are required. The following three different circuits use distinct strategies to test
solutions for various parameterizations of CAS. These are called the center test-
ing circuit, the instance testing circuit and the single occurrence + modifications
testing circuit. Diagrams for these circuits are provided in Appendix A.

Center testing circuit Define 7 = {S,,...,S,.}, let (F,[,d) be an instance of
CAs, and let C be any center for F. The ;' length-I substring of S, is denoted S,[;],
and position p of S;[j] is denoted S;[j][p]. The set X is used to index size | — d
subsequences of a length-/ string. Note that each X, is an ordered (I — d)-tuple:

X:{Xp:ch(l,...,l),\Xp\:l—d,lgpg (;)}.
Let the set of variables
A={aijpa1<i<mi<j<n—l+1L1<p<|X1<q<l—d)

denote position ¢ in X,N.S;[j]. Let B = {b[u,v] : 1 <u <[,1 <v < |X|} be aset
of Boolean variables. The intended interpretation of variable b[u, v] is that character
v occupies position « in C. The variable a[i, j, p, q] takes the value of b[u, v] if and
only if position ¢ of X, is « and that position is occupied by character v in S;[j].
Otherwise ali, j, p, q] is setto false.

Let £ = F, E5 be the Boolean expression over the set of variables B, where:

E, = H H (=blu, v] + —blu, v']),

u=1 1<v<v’<|Z|

n—I+1 |X| 1-d

E2 - H Hasz7

i=1 j= p=1 g=1

[y

For example consider the set of strings S; = tggtca, So = accgac,and Sz = cggtag
over alphabet ¥ = {a, ¢, g,t}. We assume the ordera =1,c=2,g=3andt =4
on¥. If X, = (1,2,3), then a[1, 1, p, 1] = b[1, 4] because both correspond to the
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character ¢ at position 1 in a length-/ string. Similarly, a[3, 1, p, 1] = b[1, 2], corre-
sponding to ¢ at position 1. If p = (1, 3,5), a[2, 2, p, 2] = b[4, 3], corresponding to
g at position 4.

The purpose of E; is to force a correspondence between satisfying interpreta-
tions and strings over >'. Notice that a weight [ interpretation falsifies £, if more
than one b[4, j] is assigned true for any i.

We claim that £ has a weight [ truth assignment if, and only if, there exists a
center C for F. If C exists, then the assignment

Clp] = Siljllp] = q © ali, j,p, q] = true

satisfies . Conversely, let 7 be a weight [ satisfying truth assignment for £. The
clauses of £, ensure that 7 indicates a unique string C € !. The clauses of £,
ensure that for each ¢, some substring S;[j] matches [ — d positions of C. This
implies that in each S;, there is a substring of length / that is distance less than d
from C. Therefore C is a center for F.

Theorem 3.7 cAs(l) € W[2] and cAs(m, ) € W[1].

Proof. Follows by observing that when [ is fixed, the center testing circuit has weft
2. If m is fixed along with [, the center testing circuithas weft 1. [

Occurrence testing circuit We construct a new circuit, called the occurrence
testing circuit, having little resemblance to the center testing circuit. Our goal here
is to show membership for versions of CAS when [ is left free. The idea is to
select m occurrences and, for each occurrence, d positions where the occurrence is
exempted from having to match a center. The circuit is only a slight modification
of a circuit that solves the length-/ common substring problem.

Let B = {b[i,j] : 1 <i<m,1<j <n—I[+1} be asetof Boolean variables
with the intended interpretation that b[z, j] is set true when S;[;] is an occurrence of
C.LetW ={wli,r,p]: 1<i<m,1<r<d 1<p<I}beasetofBoolean
variables with the intended meaning that any occurrence of C in S; need not match C
at position p. The index r is used to restrict the number of such exemptions to be not
more than d for any occurrence. In the description of the circuit, the set of variables
A=A{ali,j,p,ql: 1<i<m, 1<j<n—-Il+1,1<p<I, 1<q<|X|}actsas
an alias for the variables from B. As in the description of the center testing circuit,
for any appearance of the variable a[i, 7, p, ¢|, the substitution a[i, 7, p, q] < bl[3, j]
is assumed exactly when S;[7] has character ¢ at position p. Otherwise al, j, p, ¢|
takes value false.
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Let £ = E, E,E3 be the Boolean expression over the set of variables of BU W,

where: .
Ev =[] TI  (bli 5]+ —bli, 5",

i=1 1<j<j’<n 141

E2 = HH H _|’UJ’L Tp +_'w[7:7r7pl])7

=1 r=1 1<p<p’<l

I 12 m n—I+1
By = TILTT (Cwlirni+ S aliin)
p=1 ¢=1 i=1 r=1 J=1

We claim that E has a weight m + md satisfying truth assignment if, and only
if, there is a center C for F. Given center C, a satisfying truth assignment for £ can
be obtained by setting o[z, ] to true for each occurrence S;[j] of C, and also setting

wli,r, p] to true if the »** mismatch in the occurrence from .S; occurs at position
p. For the converse case, let 7 be a weight m + md satisfying truth assignment
for E. The clauses of E; ensure that 7 corresponds to at most m occurrences, one
from each S;. The clauses of F, ensure that at most d mismatching positions are
selected for the occurrence fromany S;. £ and E, combined force 7 to correspond
directly to a set of occurrences and, for each occurrence, a set of positions where
the occurrence may differ from a center. The fact that 7 satisfies £'3 implies that
all occurrences agree in all positions with the possible (and permitted) exception of
the exempted positions. Hence F has a center.

Theorem 3.8 cas(m,d) € W[3] and cas(m, |X|,d) € W[2].

Proof. Follows by observing that when m and d are fixed, the occurrence testing
circuit has weft 3. If, additionally, |X| is fixed, the weft of the occurrence testing
circuit is reduced by one. [

Single occurrence + modifications testing circuit The idea behind this circuit
comes from the observation that a center can be obtained by isolating an arbitrary
string from F (we use S;), and applying substitutions for characters in up to d
positions in each substring S;[j] of S;. We use a guess and test strategy: first guess
a center by selecting some S, [;], along with the positions and characters by which
the center differs from S, [j], then test the center by searching for an occurrence in
each S;, 2 < ¢ < m. The goal here is to have a weight d + 1 truth assignment
represent the selection of some j (1 < j < n — [+ 1), and d substitutions to
positions of .S} [;] that transform S, [5] into a center.
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To describe the input to the circuit, we use the following sets of variables:

Xl = {x1[17j7p7,r] 1 SZSmy 1§j Sn_l+17 1§p§lu 1§7’§ |2|}7
Xo = {wmlj]: 125 <n—l+1},
Xy = Axsp,r]: 1<p<I, 1<r<|E]}

where the value of z4[i, j, p, r| corresponds to the truth of .S;[j] being occupied by
character r at position p (these values are fixed for each occurrence and are not part
of a truth assignment). The variables of X; are actually constant for each instance
of cAs, and do not affect the weight of the input to the circuit. The weight d+1
truth assignment comes from selecting exactly one member of X, (representing
a single occurrence: a substring of S;) and d members of X3 (representing the
modifications). Once the center has been “guessed”, it remains to test it against
potential occurrences from the other strings in F. Unlike the center testing circuit
above, [ is not fixed, so a different strategy is necessary to test the “guessed” center.

The set of variables {g[p, 7] : 1 <p <1, 1 <r < |X|} describes the “guessed”
center, where

glp.r] = (2 5] 'xl[l,jmﬂ"]) : ( 11 ﬁxg[p,r’]> + a3[p, 7.

j=1 1<’ <3
r/#r

The lower layers of the circuit are described by the variables
B={bijp:2<i<m1<j<n—1+11<p<I},

with the interpretation that b[i, j, p] = true if, and only if, S;[j] matches the guessed
center at position p or is one of at most d mismatches.

Members of B occur at different depths. We stack the variables of B so that
bli, 7, p] may depend on the value of b[i, j, p—1]. The purpose of this is to prevent
having to count the number of mismatches (between the guessed center and an
occurrence) at a single level. To do so would introduce an exponential number
of gates. The strategy we use is to maintain a count of the amount of permitted
mismatches, a count that is decremented each time a mismatch occurs. The set of
variables A implement counters, one for each .S;[j], 7 # 1:

a={alijpg 2<i<mi<j<n-1+10<p<Li<g<d+1},
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such that

1=
a[i,j,p, Q] = (&[i,j,p - 17Q] ’ Z(g[p7 T] ’ xl[i>j>pv ’l“])) + (l[i,j,p—l, q+1]

r=1

For all 4,5 and p, the value of al[i, j, p, d+1] is setto false, and for all 7,5 and ¢, the

value of a[i, 7,0, g] is set to true.

We now define the variables of B:
12|

bli, 4, p) = ali, 5, p, 1]+ > (glp. 7] - ali, 4 p, 7).

With the variables of B already determined, the circuit C is described by expression
E = E, E,E5, defined as:

B = JI b+ -,

1<j<j'<n—I+1

l
Ey, = 1;[ H (_\Ifg[p,T]+_‘$3[p,T/]),

<r<r'<|3|

m n—Il+1 1
Es = H Z H b[i,j,p].
i=2 j=1 p=1
The circuit is satisfied if, and only if, some “guess” matches at least [—d positions in
at least one substring for every member of . The size of the circuit is © (nml(|X|+
d)). The depth of the circuit is ©(() since, for each 7, j and r, there is a path passing
through alé, j,1,7],ali, 3,2,7] ... ali, j, I, 7].

Theorem 3.9 cAs(d) € W[P].

Proof. Follows from the fact that when d is fixed and all other parameters left free,
the single occurrence + modifications circuit has weft ©(1). O

3.4 Summary and Open Problems

In this chapter, the pattern finding problem was abstracted as the parameterized
problem COMMON APPROXIMATE SUBSTRING, and analyzed according to param-
eterized complexity theory. The complexities of many parameterized variants of
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Table 3.1: Parameterized complexity map for COMMON APPROXIMATE SUB-
STRING. Major results originating in this thesis are underlined. These imply nearly
all other results in the table, most of which were not previously known. The W[1]-
hardness of cas(m, [) was discovered independently in [32].

Parameter - X m m, N

- NP-complete ¢ XP W([2]-hard W/[2]-hard
d W|[2]-hard, W[P] WIP] WI[1]-hard, W[3] WI[2]

l WI[2]-complete ~ FPT WI[1]-complete FPT

n FPT FPT FPT FPT

the problem have been resolved. These results, along with all results implied by the
dependencies d < | < n, are summarized in Table 3.1. With the exception of the
cAs(|X]) and cAas(|X], 1) results, all results depicted in Table 3.1 originated in this
thesis. The W[1]-hardness result for CAS(/, m) was obtained independently in [32].
The map depicted in Table 3.1 is nearly complete with respect to indicating pa-
rameterized tractability or hardness. There remain two cells (cas(m, |%|, d) and
CAS(|>], d)) for which no hardness or FPT result has been obtained. Along with
these two completely open problems, there are many variants for which the derived
bounds may be tightened. Those variants found to be in FPT, not in XP, or complete
for some class W[t] are as tight as possible under the theory of parameterized com-
plexity. The following problems present interesting prospects for future research.

¢ No difference between the complexity of having fixed d and the complexity of
fixed [ has been demonstrated. Intuitively, such a difference should exist. All
variants with [ fixed are “complete”, and the only way to show a difference
between the effects of / and d is to raise the lower bounds on the complexity
of the variants parameterized with d and not /.

e For those cases when d is not fixed (the first row of Table 3.1), no upper
bounds have been obtained. Is it possible that these problems cannot be ex-
pressed as a WEIGHTED CIRCUIT SATISFIABILITY problem? As a general
remark on the theory of parameterized complexity, the difficulty of charac-
terizing certain problem variants using parameterized circuits may indicate
an inherent limitation of the W hierarchy as a model for non-deterministic
parameterized computation.

e CAS(m, d) has been shown to be W[1]-hard and in W[3]. This is an unusual
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result and further effort might show it complete for W[1] or W[2]. If it is
shown complete for W[3], it will be the first such problem.

e |s it possible that cCAS(m, |X|, d) resides in FPT? What about CAS(|X|, d)?

The last of these is certainly the most important to solving these problems in prac-
tice. It appears as though resolving the complexity of cas(m, |%|, d) or CAS(|X|, d)
will require a key structural fact about the instances of CAS; one that is not presently
known.



Chapter 4

Optimizing Aspects of Patterns

In Chapter 3 the central pattern discovery problem was analyzed according to pa-
rameterized complexity under the name COMMON APPROXIMATE SUBSTRING.
With the exception of two variants, the parameterized complexity is resolved. Un-
fortunately, few prospects for efficient algorithms have been identified; most param-
eterized results indicate intractability. In this chapter, the focus remains theoretical
but the tool of analysis turns to approximation theory.

In the biological context, there are cases where approximate solutions to the
pattern discovery problem are useful. When distance between patterns and pattern
occurrence is small, any algorithm with a small performance ratio will produce a
solution with a small absolute difference with respect to the optimal solution. Also,
approximation is an established tool for solving NP-hard problems, and attempts
have already been made to apply it to the focal problem of this thesis [9, 54, 59];
without rigorous theoretical analysis, the quality of those attempts cannot be judged.
A more important reason has to do with the information provided by the analysis.
Properties of problems that are essential to obtaining performance ratios can reveal
heuristics that are useful in practice. These heuristics may be used to reduce the
average running time of programs, e.g. to eliminate large parts of the search space
prior to the application of an exact algorithm.

The pattern discovery problem has been studied as an optimization problem
with the objective of minimizing the value of d. The problem has been studied
under the name CLOSEST SUBSTRING in [9, 54, 59, 61].

CLOSEST SUBSTRING

Instance: A set F = {Si,...,S,,} of strings over alphabet ¥ such that |.S;| = n,
integer , (1 <1 <n).

Objective: Minimize d = max;<;<,, miny<;j<,—1+1du(C, s;), where |C| =l and s;
is a substring of S;, (1 <i < m).

49
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We let d,,p,; = radius(F), and call a string C € %' an optimal center if, and only if,
radiusz(C) = dopt.

This chapter is organized into two main parts. The first part, Section 4.1, exam-
ines issues related to the influence of alphabet size on the approximability of cLOS-
EST SUBSTRING. EXxisting positive complexity results for CLOSEST SUBSTRING
depend on the assumption that the input alphabet is of constant size; we seek to de-
termine the extent to which this assumption is necessary. Next, in Section 4.2, we
look at alternative formulations of the CLOSEST SUBSTRING optimization problem.
These different formulations are distinguished by their objective functions; all other
objectives are shown NP-hard to approximate with performance better than a par-
ticular threshold for large alphabets. Algorithms are also given for these alternative
formulations, and some tight bounds on approximability are obtained.

4.1 Closest Substring and Alphabet Size

The first mention of a provable performance ratio for CLOSEST SUBSTRING was
the trivial 2-approximation in [54], which simply tests each substring of the input
strings as a center and keeps the one with the best score. Proof of correctness of
this approximation is given by Proposition 2.1. By itself this method is of little use,
but it has formed the basis of more sophisticated methods, for instance the SP-Star
method of Pevzner and Sze [71].

A PTAS for the related CLOSEST STRING problem (i.e. the problem obtained
by setting [ = n) was given in [57]. The algorithm has two parts, combining
the technique of randomized rounding [74] with an enumerative approach. The
essence of this algorithm lies in a central combinatorial result about instances of
CLOSEST STRING (formally stated as Lemma 4.1 below). A PTAS was given in
[61] (and described in more detail in [59]) that makes use of the above algorithm
for CLOSEST STRING. The adaptation to CLOSEST SUBSTRING requires intricate
probabilistic analysis. Details of these algorithms are given in Section 4.1.2.

The approximation scheme given in [61] for CLOSEST SUBSTRING was shown
to have a time complexity with an exponent of

O((1/e)* In|x)),

where e > 0 is the performance ratio of the algorithm. This positive complexity re-
sult leaves open the question of how the alphabet size contributes to the complexity
of CLOSEST SUBSTRING. In many practical situations, such as the most common
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in molecular biology, the size of the alphabet is known in advance. In such cir-
cumstances, the algorithms of [59] run in polynomial time, since |X| is treated as a
constant. In theory it is possible for the input alphabet to be a function of the input
size; such large sizes are useful in mathematical constructions such as transforma-
tions. Large alphabets also allow flexibility and permit more expressive alphabets to
be introduced. Because of the exponential dependence on the alphabet size, and the
fact that problem instances can be constructed with large alphabets, the algorithm
of [59] is not a PTAS for the general CLOSEST STRING problem.

In this section, we analyze the influence of alphabet size on the CLOSEST suB-
STRING problem as defined above. While the major result here (presented in Sec-
tion 4.1.3) is a PTAS for CLOSEST SUBSTRING when no assumptions are made
about the alphabet, other results are presented throughout this chapter indicating
that the alphabet size does significantly influence many pattern finding problems.

From the opposite perspective, we investigate how the restriction to a specific
alphabet can be exploited to develop more efficient algorithms. In Section 4.1.4 it
is shown that a performance ratio of

142077 4 ¢

can be obtained for CLOSEST STRING when the strings given as input are binary.
The only previous research focusing on the problem under binary alphabet are
from [37], where no properties intrinsic to binary strings are exploited, giving a
4/3 + € randomized approximation (subsequently improved by the results men-
tioned above). In Section 4.1.5 we take preliminary steps toward extending the
analysis to other constant sized alphabets.

4.1.1 Additional terminology

The CLOSEST STRING problem is a simpler version of CLOSEST SUBSTRING, where
I = n, and is solved as a subproblem by the CLOSEST SUBSTRING algorithm of
[59].

CLOSEST STRING
Instance: Aset F = {54,..., S, } of strings over alphabet X such that |S;| = n.
Objective: Minimize d = dy(C, S;), where C € ¥, forall S; € F.

For the following few sections, we require additional terminology for discussing
properties of string sets. Given a string S and an ordered set of positions X =
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(x1,...,2x) € (1,...,n), we define the restriction of S to X as the string S|x =
Slx1)S[za] ... S[xk]; the string obtained by removing all positions not in X.

Given a set of strings F with optimal center C and some subset R C F, we
define certain (sub)sets of positions with respect to R and C. When we refer to
these subsets we index them with a subset R, but the particular optimal center C is
always implicit from context. The set of positions where some member of R does
not match C is called the set of relevant positions:

Ap={i: (1 <i<n) A 3s € R,s[i] #Cli]}.

Inside the relevant positions, there are the good positions, denoted G i, at which
some member of R contains the same character as C:

Gr={i€ Ar:3s € R, s[i] = C[i]}.

Since G C Ag, not all members of R will match C at positions in G z. Also inside
the relevant positions are the bad positions,

Bgr = {’L € Ar : Vs € R,S[Z] #C[Z]},

which are exactly those positions that are relevant, but not good. The bad positions
are of two types. Those bad positions at which all members of R agree are called
the identical positions,

Ir={i € Bp:Vs,s € R,sli] = s'[i]},
and those bad positions that are not identical in R are the differing positions,
Dp={i€ Bg:3s,s € R,si] # 5[]}

Recall that if position i is identical in F, then C[i] = S[i] (see Proposition 2.2), for
all S € F. This allows us to ignore positions that are identical in F; we simply
assume none exist. In many cases, our analysis proceeds correctly under the simpli-
fying assumption that we may permute the positions of strings in F as we wish (see
Lemma 2.2). An important observation is that given only R, it is impossible to dis-
tinguish positions of Gz from positions of Dg. It is also impossible to distinguish
positions of Iz from those positions that are not in Ag, unless strings in F \ R are
consulted.
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For any R C F we define the sets

S = {Zap:(1<p<n)}
Srpy = {a€eX:35€ R, s[p]=al.

These are position specific alphabets, defined for each position by the characters
occupying that position in members of R. Notice that for each position p € Gz U
Dg, |Erp)| < rregardless of |X|. Forany 1 < p < n and any o € X, there
exists some S € R such that S[p] = «. We use the symbol X7, to denote the set of
strings {S € ¥ : V1 <p <n,S[p] € Er(p)}.

4.1.2 Assuming constant sized alphabet

The most important theoretical result concerning the approximability of CLOSEST
SUBSTRING is the PTAS of Bin Ma [61], a large part of which is based on the
work of Li, Ma and Wang [58]. Our analysis suggest modifications that improve
performance of the algorithm in certain situations. We only provide a high level
description of their algorithm, and refer the reader to [59] for the detailed algorithm
and full proofs of their results.

The PTAS for CLOSEST SUBSTRING given in [61] relied heavily on the PTAS
for CLOSEST STRING as a subroutine. For this reason we begin by describing the
PTAS for CLOSEST STRING. The PTAS consists of two stages. The first stage
involves sampling subsets of the input strings. It is shown (by the Lemma restated
below) that for each ¢ > 0, there exists a size ¢! subset of the input strings, such
that the positions identical in members of that subset are likely to match an optimal
center at those same positions. The analysis of the PTAS rests on this lemma, which
we state in the terminology of Section 4.1.1.

Lemma 4.1 (Lemma 2.1 [59]) For any set F of strings and any 0 < ¢ < 1, there
exists an optimal center C for F, and a set R C F, such that |R| < [e~!] and for
any S € F,

[Ir N {i: Cli) # S[i]}] < dopt/ (267" = 1).

Hence, using information from some subset of the input strings, the problem is
simplified by assuming the positions identical within R match corresponding po-
sitions of an optimal center. By Lemma 4.1, this simplification is at a small cost
in terms of the objective function. With no efficient way to identify the subset de-
scribed by Lemma 4.1, the algorithm must exhaustively sample all size ¢~ subsets
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of F, in order to find the subset with the property indicated in Lemma 4.1. When
|Dr| € O(Inm), enumeration of all possible strings in X7, obtains the approximate
center implied by Lemma 4.1. When d,,; > 3¢~2 Inm, randomized rounding with
derandomization provides the (1 + ¢) approximation in polynomial time?.

The PTAS for CLOSEST SUBSTRING incorporates an idea used in randomized
fingerprinting methods (see e.g. [63]). The important idea is essentially the follow-
ing, which appeared originally as part of Theorem 1 in [61].

Lemma 4.2 (loosely adapted from [61]) If d.,, > 6e 2 In(mn), then with high
probability there is a subsequence of length ©(e~2In(mn)) of an optimal center
that can be used to identify a set of occurrences of a near optimal center.

The importance of the above lemma is that it provides a method of obtaining the
occurrences of a pattern, or a good substitute for those occurrences, without knowl-
edge of the pattern itself. The technique is based on random sampling and using the
sample mean to estimate the population mean.

Making use of the crucial results underlying the PTAS for CLOSEST STRING
from [58] and CLOSEST SUBSTRING from [61] requires enumerating all strings of
length cIn(m), over 3, for some absolute constant c. This automatically introduces
a factor of In(|X|) into the exponent of the time complexity.

4.1.3 Eliminating alphabet size dependence

Here we show that CLOSEST SUBSTRING admits a PTAS even when the alphabet
size is allowed to grow with the size of the input. In particular, we show that an
exponent of

O(e?Ine )

in the time complexity for a CLOSEST SUBSTRING algorithm can be achieved while
maintaining the performance ratio of (1 + ¢€), for any e > 0. While this does not
directly provide a more practical solution for CLOSEST SUBSTRING, it establishes
the membership of the general problem inside the class PTAS. The algorithm given
in this section is a modified version of the algorithm of [61]. The proofs employ
the same techniques as those found in [61] and [59]. While the result of this section
can be proved with two lemmas, and an appeal to the algorithms of [61] and [59],
the full algorithm is described for completeness.

To derandomize the algorithm, the method of conditional probabilities was cited in [58], but
modifi ed (at large cost in time complexity, even for a small alphabet) in [59].
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Closest String over large alphabets

The source of the alphabet size dependence in the PTAS for CLOSEST STRING is
Lemma 4.1, which does not provide any information about an optimal center inside
the positions of Ax. This is a consequence of the fact that we have no knowledge
of the influence of Dg; the next lemma provides such knowledge. For any set of
strings F with optimal center C, and any R C F, define the function

_ _ : /
QO(Ra C) - dopt CI’IéIX)n’IL? (dH(Cv C )) :

In what follows we make implicit use of the observation that for all R, R’ C F,
P(RUR,C) < p(R,C)+o(R,C).

Lemma 4.3 Let F be a set of strings, and R C F. If for every C' € X%, there
exists some S € F such that dy (S,C’) > pdopt, then for any optimal center C for
F, there exists a string S € F suchthat o(R U {S},C) — ¢(R,C) > (p — 1)dopt.

Proof. We prove the contrapositive. Suppose there exists a center C for F such that
forevery S € F, o(RU{S},C) —¢(R,C) < (p—1)dopt. Select an arbitrary string
S e F\R,andletC’' € X7, satisfy

dy(C',C) < min dy(Z,C),

Zesy

and let C" € X%, (4, satisfy

dg(C",C) < min  du(Z,C).

ZEZ?CU{S}

Then, by the definition of ¢,

p(RU{S}C) — p(R,C)
= [dopt — dr(C,C")] = [dopt — du(C,C")],
=dy(C,C")—dy(C,C"),
= du(C,C") — |du(C,C') — (du(S,C") — du(S,C))|,
- dH(Sv C,) - dH(S> C)7
< (p — 1D)dopt-
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Since forall S € F, dy(S,C) < d,p, we conclude that
du(S,C") < (p— 1)dopy — du(S,C) < pdopt-
O

Theorem 4.1 For any set F of strings and any integer 1 < r < |F]|, there exists a
set R C F andastring C € X% suchthatforall S € F,dy(C,S) < (14 1/7)dopt
and |R| =r.

Proof. Let C be an optimal center for . Define R C F, |R| = r, such that

¢(R,C) = L (p(R,C)).
Suppose ¢(R,C) > (1 — 1/r)dp, then there exists a string C' € X% such that
d(C',C) < dypt/r. By the triangle inequality, C’ is the desired string.

Suppose p(R,C) < (1—1/r)d.pt, then, by the pigeonhole principle, there exists
astring S’ € Rsuchthat o(R,C) —p(R\{5'},C) < dopt/r. Ifitis true that for all
C' € ¥}, there exists a string S € F such that d (S,C’) > (1 + 1/7)dopt, then, by
Lemma 4.3, it is also true that there exists a string S € F such that o(RU{S},C) —
©(R,C) > dopt/r. This implies

p((RU{S})\{8'},C) > »(R,C),
contradicting the definition of R. [

Now we have the information required to solve CLOSEST SUBSTRING in poly-
nomial time if € O(In(m)). By exhaustive sampling, obtain the correct size ¢!
subset R C F indicated in Theorem 4.1. Select an arbitrary string S € R, and
for each string C € N, 4(S) N X%, evaluate C as a center. The best center tested is
guaranteed to have radius within a factor of 1 + ¢ of the optimal radius.

Closest String minimax integer program

Remaining focused on the CLOSEST STRING problem, we assume that the occur-
rences of a center are known. The case of d,,; > 3¢ 2 In(m) can be handled by the
technique of randomized rounding and derandomization by conditional probabili-
ties introduced in [74] and [75]. First we formulate the CLOSEST STRING problem
as an integer program. Define the set of (indicator) variables

{aijo :1<i<m,1<j<1<a<|X},
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where a;j, has the value 1 exactly when S;[j] = a, for a € X. Define the m x (I|X])
matrix A = [a;;;], with rows corresponding to the strings S € F. The rows of
A are the constraints particular to each problem instance. A solution is a vector
z = (z;0) € {0,1}*, satisfying the additional constraint that for all j, there is
exactly one o € X with z;, = 1. The formulation is as follows.

minimize d
subjectto Axr <d

Za .Z’ja = 17

T € {0,1}, forall j

(4.1)

The integer program for CLOSEST STRING is a minimax integer program [9]. Itis a
property of minimax integer programs that while searching for an optimal solution,
one need not be concerned with feasibility. Using an algorithm such as Karmarkar’s
[49], the fractional relaxation of the above integer program can be solved in polyno-
mial time. The resulting solution vector is 7 € [0, 1]/*I. Let d be the optimal value
of the objective function for the relaxation. Following the method of [74], we apply
randomized rounding by choosing z, to represent position j with probability z ;.
In other words, for each j, we select exactly one o € X with probability given by
Zjq, and set z;, = 1. The choice is made independently for each distinct position
J, and the choice is mutually exclusive among all z,, for each particular j.
Since, by assumption, the value d of the objective function satisfies d > 3¢=2In(m),

a simple application of Chernoff’s bound [20] indicates the probability that the ran-
domized rounding procedure fails. Let C be the center corresponding to the vector
x obtained by randomized rounding, then for any S € F,

Pr (dH(C,S) > (1+ e)cz) <

1
m

Using Boole’s inequality,
Pr ( VI du(C,8) > (1+ e)cz) <3 Pr <dH(C,Si) > (1+ e)J) <1,
=1

and we conclude that with positive probability, randomized rounding produces a
solution of value at most (1 + ¢) times optimal.

The randomized rounding procedure can be fully derandomized using the method
of conditional probabilities with a pessimistic estimator as described in [75]. The
method uses a pessimistic estimator function to guide a greedy algorithm. The basic
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method of pessimistic estimators is described in [63] (Section 5.6). For the specific
application of interest here, the pessimistic estimator used in [75] (Section 3) is
sufficient.

Estimating the occurrence set

We now return to the CLOSEST SUBSTRING problem. It remains to indicate how
to obtain the occurrences of the center in polynomial time. The method used in
[61] is based on random sampling, but requires an enumerative stage that depends
exponentially on the size of the alphabet. With knowledge of Theorem 4.1, we can
modify the method of [61] to be independent of the alphabet size. We incur only
a small increase in the error of the performance ratio, and the algorithm remains a
polynomial time approximation scheme.

Lemma 4.4 (Sampling Lemma [5]) Let A be a sequence of numbers taking values
from the set {0, 1}. Let the set Z be a multiset of numbers from A chosen indepen-
dently at random (with replacement), such that | Z| = ce~%In(z), for some z € R.
Then the sum of members of Z satisfies

(Secaa-el2l) < S (151) < (Suena+ el21),

with probability at least 1 — x~¢.

Proof. Because the elements of Z are chosen randomly with replacement, each
z € Z is a Bernoulli trial with

EaeA a )

Prlz =1] = A

Applying Hoeffding’s bound [46],

A €2
Pr(Yer= () 2 Tueaa+elzl) < e < 2,

and
Pr <ZZ€Z’Z <%> < ZaeAa — €‘Z‘> < 6262|Z‘ < #
The theorem follows by applying Boole’s inequality.  [J

To apply the sampling lemma to the CLOSEST SUBSTRING problem, we assume
for the moment that we have access to a source of random bits. Fix an instance
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(F, 1) of CLOSEST SUBSTRING, and a string S over 3. We define the variables a;;y,
with respect to F, [ and S such that

%jk = 1 otherwise.

For each substring s;; define a function f;; : 2' — {0,...,1} as

fij(X) = Z Qijk,
keX
forall X C {1,...,1}. Thus f;;(X) = du(S|x, sij|x), for any substring s;;. Now
let S be any length [ string over the alphabet of F, and define the event E'x with
respect to F, [ and S as follows:

EX = E'SZJ((l — €>dH(S, Sij) > fzg(X) V fzg(X) > (1 + €)dH(S, 3ij))-
The next lemma follows from a simple application of the sampling lemma.

Lemma 4.5 Let X be a uniformly random multiset of indexes from {1, ..., [} such
that | X | = 12¢ 2 In(mn). Then

1
Pr [Ex] S I
mn
The result of Theorem 4.1 indicates that for every center C, there exists a size ¢!
subset R of the occurrences of C and a string C’ € Xl such that C’ is a (1 + €)-
approximate center. Define the set T'x = {t1,...,t,} with respect to F, [ and C’
such that ¢; is a substring of S; € F, and
! . < i ! ).
du(C'|x, tilx) < 1§jr£rlLr—ll+1 du(C'lx, si5]x)
Lemma 4.6 Let X be a uniformly random multiset of positions in {1, ...} such
that | X | = 12¢72 In(mn). With high probability, for all ¢, € T,
') < i I g,
du(C',t;) < (1 + 2¢) | in, du(C', si5)-
Proof. Suppose, for contradiction, that the assertion is false, and let ¢; € Tx be

a substring falsifying the assertion. We know that ¢ is not the closest occurrence
of C’ that is a substring of S;. It must be the case that dy(C'|x,t) < du(C’, sij).
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But by Lemma 4.5, the probability of this event is at most 2/(mn), which is a
contradiction. O

The set R containing the characters of X is found in polynomial time by testing each
possible set. When the correct set R is being tested, as long as |X'| € O(In(mn)),
the characters of C’|x can be found in polynomial time by testing all strings of
length | X| over Xg.

Deterministic sampling To remove the assumption that a source of random bits
is available, we use the technique mentioned in [59] and [5] of random walks on
constant degree expander graphs. The procedure is roughly as follows. Assume that
a constant degree expander has been selected, and make a correspondence between
the positions of Dy and the vertices of the expander. Since there are explicitly
constructible constant degree expanders with efficient algorithms for generating the
neighbors of any given vertex, we are not required to explicitly build the graph (see
e.g. [35]). As the vertices number only ©(|Dg|), we may try every vertex as the
a starting point for random walks. This enables us to assume the start vertex is se-
lected at random from the stationary distribution (i.e. our analysis can assume the
most favorable start vertex). For every start vertex, build sets of positions corre-
sponding to the vertices encountered on all walks of length at most 12¢ =2 In(mn).
Since the degree of the graph is constant, the sets of positions will be polynomial
sized. A key result of [39] says that for any sufficiently large subset of the ver-
tices in an expander, on a random walk starting from a random vertex, for any set
of vertices the proportion of time spent in that will be a very good approximation
to proportional size of the set relative to the size of the graph. More details on
expander graphs and deterministic sampling can be found in [63][39][35].

The LARGEALPHABET algorithm

The algorithm LARGEALPHABET is similar to that of [61], but differs in three
places where the prior algorithm enumerated over characters of the entire alphabet.
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Algorithm 4: Pseudocode for the LARGEALPHABET algorithm.

Input: A set of strings 7 = {54, ..., S}, a positive integer [ < n and an
error parameter € > 0.

Output: Astring C € X! such that radius£(C) < (1 + €)dops-
LARGEALPHABET(F, L, ¢€)

1. C+— A

2. if SCORE(F) < 122 In(mn)

3. for each R C F such that |R| = [1/€]

4. S « (arbitrary string in R)

5. for each X C Dp, |X| = 12¢ 72 In(mn)

6. Z|x — Slx

7. for each string s € 2'}?‘

8. Z|X «— S

0. if SCORE(Z) < SCORE(C) thenC — Z

10.  if SCORE(F) > 1262 In(mn)

11. for each R C F such that |R| = [1/¢]

12. foreach x € Dp

13. K «+ {X C Dy : X isalength 12¢ 72 In(mn) walk}

14. foreach X € K

15. Obtain the set of positions T'y.

16. Let Z be string corresponding to the integral solution to
the CLOSEST STRING minimax integer program.

17. if SCORE(Z) < SCORE(C) then C +— Z

18.  output(C)

Theorem 4.2 The LARGEALPHABET algorithmisa PTAS for CLOSEST SUBSTRING
with time complexity O((mn)“”lnfl), where ¢ is an absolute constant not de-
pending on any of the parameters {m, n, [, doy, |Z|, ¢ '}

Proof. Consider first the case of d,,, < 12¢2In(mn). By Theorem 4.1, for some
size e~! subset R C F, the algorithm has a position specific alphabet that is suf-
ficient to construct a (1 + ¢)-approximate center. Since the algorithm tests each
such subset, it is guaranteed to process a subset R having the desired property. Fix
an arbitrary string S € R. Since dyp < 12¢ 2In(mn), only 12¢~2In(mn) posi-
tions in C within Dy may differ from the same positions in S. By observing that
|Dg| < 12¢73In(mmn), we can bound the number of potential centers tested for each
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set R by

(126—3 In(mn)

e~ 2In(mn €)~21In(mn ce 2lne !
1262 ln(mn)) (1/e)* lmn) < (6/6)24() tn(mn) — (mn) e

(the binomial identity used can be derived using Sterling’s formula [40]). Multiply-
ing by another factor of

-1

<177€) (n—1+1)"" < (mn)",

to account for enumerating all ¢~! sized subsets R of substrings in F, evaluation
of the ScorEe function inside the inner most loop of the algorithm occurs no more
than (mn)e "< times, for some absolute constant c. The total complexity for
small d, is therefore O ((mn)e< * <),

For doy, > 12¢2In(m), the sampling procedure requires O ((mn)e (@)
time, where « is the degree of the expander. We multiply by a factor of (mn)“2 In e
to enumerate the possible C’|x, for each X. Once the sets T'x have been found,
O((mn)c) time is required to perform the linear programming and randomized
rounding. Hence, for some absolute constant ¢, the running time of the LARGEAL-
PHABET algorithm is O ((mn)e< "< 1), O

4.1.4 Stronger results for binary strings.

The next result concerns instances of CLOSEST STRING problems, and can be ex-
tended to apply to the CLOSEST SUBSTRING problem through the LARGEALPHA-
BET algorithm. The CLOSEST STRING problem with binary alphabet has been stud-
ied under the name HAMMING CENTER in [37, 38]. In this section we provide
a result that improves on both Theorem 4.1 above and Lemma 2.1 in [59] when
dealing with binary strings. Like Lemma 2.1 in [59], the result here gives an up-
per bound on |Ig|. It is a trivial property of binary strings that for any R C F,
Br = Ir: each differing position contains the entire alphabet. Thus by bounding
|Ir| we also bound |Bg| and |Gg|. Suppose S is a binary string, then define the
binary string S such that for all positions p, S[p] = 1 iff S[p] = 0.

Lemma 4.7 Let F be a set of binary strings with optimal center C. For any set of
positions X C {1,...,|C|}, there exists a string S € F such that dy (S]x,C|x) <
| X|/2.
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Proof. Suppose there exists a set of positions X C {1,...,n} such that for all
S € F,du(S|x,C|lx) > |X|/2. Then for each string S € F, du(S|x,Clx) <
du(S|x,C|x). Therefore a better center is produced if all positions of X are com-
plemented in C, contradicting the premise that C is optimal. O

Theorem 4.3 For any set F of binary strings and any integer 1 < r < m, there
exists a set R C F such that | Br| < dope/(2771) and |R| < 7.

Proof. We proceed by induction on r. Suppose » = 2. Then there exists a string
S € F such that if S is not an optimal center for F, there is some S’ € F such that
di(S,S") > dopt- Let R = {5, S"}. Then |Bg| < (2d — du(S,S"))/2 < dopt /2.

Suppose there existsa set R C F suchthat |[R| = r—1and |Bg| < dopt/(2772).
By Lemma 4.7, there exists a string S € F such that

| Br| d d
dH(S|BR7C|BR) < 9 < 2(r_2)/2 = or—1)

Let R, == R U {S} Then ’BR/| S dopt/(2r_1)- |:|

Since a large part of the performance ratio of the algorithm is due to estimating
an optimal center based on limited knowledge from some set R of occurrences, the
tighter upper bound on information not given by some such set immediately implies
a better algorithm.

Theorem 4.4 The LARGEALPHABET algorithm is a polynomial time approxima-
tion scheme for the HAMMING CENTER problem, with performance ratio

1
1+F+6’

where r is the size of the sets R of sampled substrings.

4.1.5 Larger constant sized alphabets

The result of this section is that for any optimal center C, there is a set R of occur-
rences of C such that the number of positions where each member of R differs from
C is exponentially small in |R| when R € Q(logm). This is a preliminary attempt
to extend the analysis of Section 4.1.4 in order to provide a similar bound for any
constant sized alphabet.
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First we analyze a greedy algorithm for CLOSEST STRING. The greedy nature
of the algorithm is due to the fact that it commits to a local improvement at each
iteration. The algorithm also uses a lazy strategy that bases each decision on infor-
mation obtained by examining a restricted portion of the input. The algorithm will
be used again in Section 4.2.1. The idea of the algorithm is to read the input strings
column by column, and for each column 3, assign a character to C[;] before looking
at any column 4’ such that ;* > j. Algorithm 5 describes this procedure, named
GREEDYANDLAZY, in pseudocode.

Algorithm 5: Pseudocode for the GREEDYANDLAZY algorithm.
Input: A set of strings F = {S1,..., S}

Output: Anm(1 — |X|~1)-approximate center C for F.
GREEDYANDLAZY(F)

1. C+— A

2 fori— 1ton

3 Let £; = {Sy[1..7], ..., Sn[1..i]}

4 foreach a € &

5. X*—{S€eF :dy(Ca,S)=maxger, dy(Ca,S")}
6. Leta = Sl [Z]

7 foreach g € ¥

8 if | X°] < | X

9. a=[

10. C «— Ca
11.  output(C)

Lemma 4.8 The greedy and lazy algorithm for CLOSEST SUBSTRING isa m(1 —
||~ 1)-approximation algorithm.

Proof. Consider the number of iterations required to guarantee that each S € F
matches C in at least one position. Let J; be the set of strings that do not match any
position of C after the i*" iteration, then

-1
Jin < (‘ |‘2| ) Ji < exp(—1/|S))

Let = be the number of iterations required before all members of F match C in at
least one position. A sufficient condition on the value of z is given by the following
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1> T
— Xp | ——= | -
m = P\ Ty

Hence, for any e bounded above 0, after z = |X| Inm + ¢ iterations, each member
of F matches C in at least one position. After the final iteration, the total distance
from C to any member of F is at most n — n/(|X|lnm). The optimal distance is
at least n/m, otherwise some positions are identical in F (and thus should not be
considered). Therefore the performance ratio of GREEDYANDLAZY is

n—n/(S[mm) _ m (1 1)_

n/m “lnm U |5

inequality:

O

Corollary 4.1 Let F be a set of strings with optimal center C. For all sets of po-
sitions X C {1,...,|C|}, there exists a string S € F such that dy(S|x,Clx) <
| X | — |X]|/Inm.

The result of Corollary 4.1 is an extension of Lemma 4.7 to any constant sized

alphabet, and can be used similarly to obtain a performance ratio for CLOSEST
STRING and CLOSEST SUBSTRING.

Theorem 4.5 For any set F of strings and any integer 1 < r < m, there exists a
set R C F suchthat |R| = r and

1—r
Br| <d —— .
< o (1)

Proof. We proceed by induction on r with base case » = 2. For some S € F,
di(S,C) = dop. Define the set of positions X = {i : S[i] # Cl[i]} and note that
| X| < dopt- By Lemma 4.8, some S” € F must match d,./(|X|Inm) positions of
X. Let R ={S,5"}, then

Br < d(1—=1/(]¥|Inm)) < dexp(—1/Inm).

Suppose there exists a set R C F such that |[R| = r — 1 and |Bg| < dexp ((2 —
r)/(|%]Inm)). By Lemma 4.8, there exists a string S € F such that

| Br| d
exp(1/(|X[Inm)) = exp ((r —1)/(|Z|Inm))
Let B = RU {S}, then |Bp| < dexp (1 —r)/(1S| lnm)). O

dH<S‘BR7 C|BR) <
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4.2 Approximating Alternate Objectives

Though more attention has been given to the objective of minimizing d, the cLOS-
EST SUBSTRING problem can be formulated with other objectives. Three such
objectives are analyzed here; each providing a more natural abstraction of certain
biological applications than CLOSEST SUBSTRING. The different objectives are:

1. Maximize [ — d, the similarity between a length [ center and its set of occur-
rences.

2. Maximize [, the length of the center, while maintaining a maximum distance
of d between the center and any occurrence.

3. Maximize m, the number of strings containing an occurrence of some length
[ center having maximum distance d.

We formally define different problems correspond to the different objective func-
tions. We refer to the problem that is complementary to CLOSEST SUBSTRING as
MAX CLOSEST SUBSTRING.

MAX CLOSEST SUBSTRING

Instance: A set F = {Si,...,S,,} of strings over alphabet ¥ such that |.S;| = n,
integer , (1 <1 <n).

Objective: Maximize I — dy(C, s;), such that C € X! and s; is a substring of S;,
(1<i<m).

We also give results concerning the next two problems, which require the value of
d to be specified as part of the input.

LONGEST COMMON APPROXIMATE SUBSTRING

Instance: A set F = {Si,...,S,,} of strings over alphabet X such that |.S;| = n,
integer d, (1 < d < n).

Objective: Maximize [ = |C|, C € ¥*, such that dy(C, s;) < d and s; is a substring
of S;, (1 <i<m).

MAXIMUM COVERAGE APPROXIMATE SUBSTRING
Instance: A set F = {S,...,S,,} of strings over alphabet ¥ such that |.S;| = n,
integersdand [, (1 <d <1 <n).
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Objective: Maximize |F’|, 7' C F, such that for some C € X! and for all S; € F,
there exists a substring s; of S; such that dg(C, s;) < d.

Throughout this section, when discussing the different versions of closest sub-
string, the values of d, [ and m may refer to optimal values of objective functions
or values specified as part of the input. Use of these symbols will be in accordance
with their use in the formal statement of whatever problem is being discussed.

4.2.1 The similarity aspect

Often the distinction between minimizing a distance and maximizing a similarity is
of no consequence; such is not the case for CLOSEST SUBSTRING. To minimize a
distance function often implies that the optimal value (i.e. the minimum) is small.
For CLOSEST SUBSTRING, this means that optimal center strings are expected to
have a small number of mismatches with respect to their occurrences within the
strings. In cases where hybridization is important, it may be more natural to treat the
task of finding patterns as one of maximizing the number of possible base pairings.
Here it is shown that this difference is more than semantic.

We use a gap preserving reduction from SET COVER to show inapproximability
for MAX CLOSEST SUBSTRING. Lund and Yannakakis [60], with a reduction from
LABEL COVER to SET COVER, showed that SET COVER could not be approximated
in polynomial time with performance ratio better than (log |B|)/4 (where B is the
base set) unless NP = DTIME(2PY(°en)) j.e. deterministic quasi-polynomial time.
A result of Raz and Safra [76] indirectly strengthened the conjecture; SET COVER
is now known to be NP-hard to approximate with ratio better than (log |B])/4.

SET COVER
Instance: A set BB of elements to be covered and a collection of sets £ such that
L; CB,(1<i<|L)).

Objective: Minimize |R

, R C L, such that U‘j’ille =B.

Let I = (B, L) be an instance of SET COVER. The reduction constructs, in poly-
nomial time, a corresponding instance I’ = (F,[) of MAX CLOSEST SUBSTRING.
Additionally, for all p > 1, there existsa p’ > 1 such that a solution to 7 with a ratio
of p can be obtained in polynomial time from a solution to 7’ with ratio p'.
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The alphabet The strings of F are composed of characters from the alphabet
Y = Y U Xs. The characters of X, are referred to as set characters, and identify
sets in £. The characters of >, are referred to as element characters and are in
one-to-one correspondence with elements of the base set 5.

Y= {p: 150 < L]}

Substring gadgets The strings of F are made up of two types of substring gad-
gets. We use the function f, defined below, to ensure that the substring gadgets are
sufficiently large. The gadgets are defined as follows:

Subset Selectors:  (set(i)) = p! "V
Separators: (separator(j)) = u;‘(\B\)

The reduction The string set F contains |B| strings, corresponding to the ele-
ments of B. For each j € B, let L, C L be the subfamily of sets containing the
element 5. Then define the string

S; = H (set(q))(separator(j)).

qeL;

The function f : N — N must be defined. It is necessary for f to have the property
that for all positive integers x < |B|,

{mzﬂ § P('B'W
x r+1 |

It is straightforward to check that f(x) = =2 has this property. The importance
of this property is explained following Lemma 4.9. The maximum length of any
member of F is n = 2|L||B|?, the size of F is m = |B], the length of the center is
I = f(|B|) = |BJ? and the alphabet size is |3| = | £] + |B|. We call any partition of
F whose equivalence relation is the property of having an exact common substring
a substring induced partition. For any two occurrences s, s’ of a center, we call
s and ¢ disjoint if for all 1 < ¢ < |s], s[q] # s'[¢]. Observe that the maximum
distance to an optimal center, for any set of disjoint occurrences, increases with the
size of the set.
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Lemma 4.9 Let F' be a set of occurrences of an optimal center C such that |F'| =
k. If for each pair s,s’ € F, dy(s,s’) = [, then there exists s € F such that
l=du(C,s) = [I/k].

Proof. There are [ total positions and for any position p, there is a unique s € F
such that s[p] = C[p|. If some s € F had | — dg(C,s) < [l/k], then the center
C would not be optimal, as a better center can be constructed by taking position
symbols evenly from the & occurrences. If all s € F' have | — d(C,s) > |I/k],
then the total number of matches exceeds [, some pair of matches would have the
same position, and thus some pair s, s' € F have dy(s,s') < 1. O

The significance of our definition for f is apparent from the above proof. It is
essential that, under the premise of Lemma 4.9, values of £ (the number of distinct
occurrences of a center) can be distinguished based on the maximum distance from
any occurrence to the optimal center. In essence, f must be sufficiently large that
the substrings behave as continuous, rather than discrete, objects.

Lemma 4.10 SET COVER <gp MAX CLOSEST SUBSTRING.

Proof. Suppose the optimal cover R for (B, L) has size less than or equal to c.
Construct string C of length |B]* as follows. To the positions in C, assign in equal
amounts the set characters representing members of R. Then C is a center for F
with maximum similarity [|B|?/c].

Suppose |R| > c. Let F’ be the largest subset of F having a substring induced
c-partition. By the reduction, since |R| > ¢, ' # F. Let S be any string in F \ F".
By Lemma 4.9, any optimal center for 7/ must have maximum similarity [|B|?/c],
and therefore has at least [|3]?/c| characters from a substring of some string in .
But the occurrence in S is disjoint from the occurrences in ', forcing the optimal
center to match an equal number of positions in more than ¢ disjoint occurrences.
Hence the optimal center matches at most [|B]?/(c + 1)] < [|B|?/c] characters
in each occurrence. The gap preserving property of the reduction follows from the
fact that [|B|?/c] is a decreasing function of c. [

Theorem 4.6 MAX CLOSEST SUBSTRING is not approximable within (logm)/4 in
polynomial time unless P=NP.

Proof. The theorem follows from the fact that the NP-hard ratio for MAX CLOSEST
SUBSTRING remains identical to that of the source problem SeT cCover. [
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AS MAX CLOSEST STRING is the complementary maximization version of CLOS-
EST SUBSTRING, and there is a bijection between feasible solutions to the comple-
mentary problems that preserves the order of solution quality, this reduction also
applies to CLOSEST SUBSTRING. The form of the hard performance ratio for cCLOS-
EST SUBSTRING provides evidence that the two separate sources of error, 1/(2r—1)
and e, are necessary in the PTAS of [59].

Theorem 4.7 CLOSEST SUBSTRING cannot be approximated with performance ra-
tiol + ﬁ in polynomial time unless P=NP.

Proof. Since the NP-hard ratio for SET COVER is p = (1/4)log |B]|, the NP-hard
ratio obtained for CLOSEST SUBSTRING in the above reduction is

r . cp—1
P cp—p

1 (1) ()

> 14 —O(lm).

O

With respect to Theorem 4.6, the bound of Q(logm) is asymptotically tight if the
alphabet size is held constant.

Theorem 4.8 The GREEDYANDLAZY algorithm is a O(|X|Inm)-approximation
algorithm for MAX CLOSEST SUBSTRING.

Proof. The result follows directly from Lemma 4.8. The precise performance ratio
given by the GREEDYANDLAZY algorithm is

12| Inm,

which is O(log m) for constant sized alphabet. [

4.2.2 The quorum aspect

The objective of maximizing the number of sequences that contain an occurrence
of the pattern has been found to be useful. Vanet et al. [89] used an algorithm of
Sagot [78] to infer regulatory elements on a genomic scale. The algorithms of Sagot
includes a quorum parameter, which specifies how many among a set of sequences
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must contain an occurrence of a pattern. The quorum parameter is important for
pattern discovery on a genomic scale, since regions of interest (genes or regulatory
regions) may number in the thousands. It is not expected that all of these regions are
connected by some pattern; the goal of genomic scale analysis is often to organize
regions into families according to the patterns they contain.

Here we show that the MAXIMUM COVERAGE APPROXIMATE SUBSTRING prob-
lem is APX-Hard. An incorrect reduction in [61] claimed an NP-hard ratio of
O(nf), € = 1, for MAXIMUM COVERAGE APPROXIMATE SUBSTRING When ! = n
and |X| = 2. Its error resulted from applying Theorem 5 of [54], proven only for
alphabet size at least three, to binary strings. Hardness of approximation for the
general problem is shown here by a reduction from MAXIMUM COVERAGE.

MAXIMUM COVERAGE
Instance: A set BB of elements to be covered and a collection of sets £ such that
L; C B, (1 <i<|L]),apositive integer k.

Question: Maximize |B|, B C B, such that B = U"_, £;, where £; € L.

Givenan instance (B, L, k) of MAXIMUM COVERAGE, We construct an instance
(F,l,d) of MAXIMUM COVERAGE APPROXIMATE SUBSTRING wWhere m = |B|,
l =k, d=k—1andn < k|L]|. The construction of F is similar to the construction
used when reducing from SET COVER t0 CLOSEST SUBSTRING in Section 4.2.1;
unnecessary parts are removed.

The alphabet The strings of F are composed of characters from the alphabet X..
The characters of X correspond to the sets £, € L that can be part of a cover, so
Y={x;: 1 <i<|L]}.

The reduction  The string set 7 = {S1,. .., S5/} contains strings corresponding
to the elements of 3. For each j € B, let L; C L be the subfamily of sets containing
the element j. Letting product notation refer to concatenation, for each j € B,

define the string

J:ZEL]-

Setd = k—1and [ = k. We seek to maximize the number of strings in  containing
occurrences of some center C.
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Lemma4.11 MAXIMUM COVERAGE <gp MAXIMUM COVERAGE APPROXIMATE
SUBSTRING.

Proof. Suppose (L, B, k) is an instance of MAXIMUM COVERAGE Wwith a solution
set R C L, suchthat |R| = k and R covers b < |B| elements. Then there is a center
C for F of length [ = k that has distance at most d = k& — 1 from a substring of
b strings in F. Let the k positions in C be assigned characters representing the &
sets in the cover, i.e. for each x; € R, there is a position p such that C[p| = x;. All
b members of F corresponding to those covered elements in 13 contain a substring
matching at least one character in C, and mismatch at most £—1 characters. Suppose
one cannot obtain a &£ cover with ratio better than p. Then one cannot obtain a center
for F that occurs in more than b/p strings of F, so the hard ratio is p’ = b/ip =p.
U

Theorem 4.9 MAXIMUM COVERAGE APPROXIMATE SUBSTRING cannot be ap-
proximated with performance ratio better than 1 + 1/e — ¢, for any e > 0, unless
P=NP.

Proof. It was shown in [31] that the NP-hard ratio for MAXIMUM COVERAGE is
1+ 1/e — €. This result, combined with Lemma 4.11 proves the theorem. [

Let (F,l,d) be an instance of MAXIMUM COVERAGE APPROXIMATE SUB-
STRING, with optimal center C. For each string s, of length [, define the two sets

R, = {s’ :3S € F, (s € S' Ndu(s,s') < d+1i) }7
G, = {SE?:HS/ ERL(s€ Sl)}.

Notice that if s € GY, then |G2| > |G2|. The algorithm is as follows. For every
substring s of a member of F, the algorithm attempts to construct a center from s.
The center is constructed iteratively by changing d positions in s. At each iteration,
the position that gets changed is the one that will have the smallest effect on |G|.
Both R, and G get re-evaluated after the change. For each i from 1 to d, obtaining
R, and G, identify a position to change in s and change the position, modifying s.
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Algorithm 6: Pseudocode for the GREEDY MAXIMUM COVERAGE algorithm. The
symbol X indicates the empty string. When a string S is used as the set of substrings
of S, those substrings are assumed to have length /.

Input: A set of strings 7 = {51, ...,S,,} and an integer d.

Output: A valid center C for F.

GREEDY MAXIMUMCOVERAGE(F, [, d)

1. C—XNz+—0

2 foreach S € F

3 foreachs € S

4 if |G%| > z then C « s, x «+ |G

5. fori« 1tod

6 Substitute s[p] < a to minimize |G.7!| — |GY).
7 if |G¢| > zthenC « s,z — |G|

8 output(C)

Theorem 4.10 GREEDYMAXIMUMCOVERAGE is a |%|4-approximation algorithm.

Proof. For some s, the set GG, is at least as large as GG¢. At each iteration, the
modification to s removes at most a fraction of (|3| — 1)/|2| members from the
covered set GG,. The coverage obtained by the greedy algorithm is then 1/(|%]9)
times optimal. It follows that the performance ratio is [~|¢. O

Note that the reduction shows hardness for the general version of the problem,
and leaves open the restricted case of [ = n with || = 2. A different type of ap-
proximation is possible. The idea of an ¢ relaxed decision procedure was employed
by Plotkin et al. [73] in the context of approximating polynomial time solvable
packing and covering problems. An e-relaxed decision procedure either finds a
1+ e approximate solution, or correctly concludes that no exact solution exists. We
change the definition slightly here.

Definition 4.2.1 A p-relaxed decision procedure is an optimization algorithm that
finds a solution with performance ratio p, or correctly concludes that no exact solu-
tion exists.

We look at the restricted problem where [ = n.

Theorem 4.11 The column majority heuristic is a (d + 1)-relaxed decision proce-
dure for MAXIMUM COVERAGE APPROXIMATE SUBSTRING when [ = n.
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Proof. Suppose the instance is feasible, i.e. there is a string C of length /(= n)
such that for all S € F, dg(C,S) < d. Then the column majority string will have
at most md mismatches with respect to members of F (this follows from Lemma
3.4). The number of strings mismatching more than d positions is maximized when
each of these mismatches exactly d + 1 positions:

m—md/(d+1) 1

m S d+1

Therefore at least m/(d + 1) strings match the column majority string in [ — d
positions.

Suppose the column majority heuristic concludes that no center with radius d
exists for F. Then the column majority string has more than md total mismatches
with respect to members of F, and the optimal center has distance > d. [

4.2.3 The length aspect

Two of the most popular computational tools used by biologists are the BLAST
(Basic Local Alignment Search Tool) [3][2] and FASTA [70] programs. The al-
gorithmic foundation of these programs is to find short exactly matching patterns,
under the assumption that some of them are likely to be contained in longer approx-
imate patterns. These exact matches, called hot spots or hits, are then extended in
both directions until the “score” (whatever score is being used) no longer increases.

It is plausible that such a strategy may perform well in solving CLOSEST SUB-
STRING type problems. The complexity of a similar extending strategy is analyzed
in this section. The formal problem dealt with here is LONGEST COMMON APPROX -
IMATE SUBSTRING, and seeks to maximize the length of a center that is within a
specified distance from each string in the problem instance.

That a feasible solution always exists can be seen by considering the case of a
single character, since the problem is defined with d > 0. Here we show that a sim-
ple algorithm always produces a valid center that is at least half the optimal length.
A valid center is any string that has distance at most d from at least one substring
of each string in F. The algorithm simply evaluates each substring of members
of F and tests them as centers. The following procedure EXTENDOCCURRENCE
accomplishes this with a time complexity of ©(m?n?).
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Algorithm 7: Pseudocode for the EXTENDOCCURRENCE algorithm.
Input: A set of strings 7 = {51,...,S,,} and an integer d.

Output: A valid center C for F.

EXTENDOCCURRENCE(F, d)

1. Let C be ), the empty string

2 for each string S; in F

3 for each substring c of S;

4, if VALID(¢c, F,d)=true thenC «— ¢
5 output(C)

Theorem 4.12 EXTENDOCCURRENCE is a 2-approximation algorithm for LONGEST
COMMON APPROXIMATE SUBSTRING.

Proof. Let C be the optimal center for F. For each S; € F, let s; be the occurrence
of C from S;; observe that |s;| = |C|. Define s} as the substring of s; consisting
of the first |C| /2 positions of s;, and s? as the substring consisting of the remaining
positions. Similarly, define C' and C? as the first and last half of C. For z € {1, 2},
define s* as a string satisfying

s" = si = dg(s7,C") < min dy(s},C").

s‘]‘-”,j;éi
Define s such that
st if d(s',C") < d(s?,C?),
S g
52 otherwise.

Note that dy (s,C*) < d/2, for some = € {1,2}. Suppose, for contradiction, that
s is not a valid center. Assume, without loss of generality, that s = s} for some 1.
Then there is some s} such that dg (s, s!) > d. Since dy(s,C') = d/2 —y for some
1 <y < d/2, by the triangle inequality d (s}, C') > d/2+y+ 1. This implies that
dp(s?,C?) < dJ2 —y—1 < dy(s,C"), contradicting the definition of s. Hence s
is a valid center. [

The performance ratio of 2 is optimal unless P=NP. We use a transformation
from the VERTEX COVER decision problem that introduces a gap in the objective
function.

VERTEX COVER
Instance: A graph G = (V, E) and a positive integer k.
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Question: Does G have a vertex cover of size at most k, i.e., a set of vertices
V' C V, |V'| <k, such that for each edge (u,v) € FE, at least one of v and v
belongs to V'?

Suppose for some graph G, we seek to determine if G contains a vertex cover
of size k. We construct an instance of LONGEST COMMON APPROXIMATE SUB-
STRING with | E| strings corresponding to the edges of GG. The intuition behind the
reduction is that an occurrence of the center in each string corresponds to the occur-
rence of a cover vertex in the corresponding edge. Before giving values of n and d,
we describe the gadgets used in the reduction.

The alphabet The string alphabet is ¥ = >; U ¥ U {A}. We refer to these
as vertex characters (>;), unique characters (2,), and the alignment character (A),
where ¥y = {v; : 1 < < |V|}and Xy = {uy; : (4,7) € E}.

Substring gadgets We next describe the two “high level” component substrings
used in the construction. The function f is any arbitrarily large polynomial function
of |G|.

Vertex Selectors:  (vertex(z,1, j, 2)) = Af(“ul(j_l)vmugf_z)Af(’f)
Separators: (separator(i, j)) = u?f(k)

The reduction We construct F as follows. For any edge (i, j) € E:

Sij = H (vertex(i,1, 3, z)) {separator(i, j)) {(vertex(j, i, j, z)) (separator(i, j))
1<2<k

The length of each string is then n = k(10f(k) + 2k). The threshold distance is
d=k—1.

Theorem 4.13 LONGEST COMMON APPROXIMATE SUBSTRING cannot be approx-
imated in polynomial time with performance ratio better than 2 — ¢, for any € > 0,
unless P=NP.

Proof. For any set of strings F, constructed as in the reduction from an instance of
VERTEX COVER, there is an exact common substring of length f(k) corresponding
to the f(k) repeats of the alignment character A. Suppose there is a size k cover
for the source instance of VERTEX COVER. Construct a center C for F as follows.
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Assign the alignment character A to the first f(k) positions in C. To positions
f(k) + 1 through f(k) + k, assign the characters corresponding to the vertices in
the vertex cover. These may be assigned in any order. Finally, assign the alignment
character A to the remaining f(k) positions of C. Each string in F contains a
substring that matches 2 f (k) + 1 positions in C, so C is a valid center.

In case there is no k cover for the source instance of VERTEX COVER, then for
any length f(k)+k string there will be some S € F that mismatches & positions. As
f can be any arbitrarily large polynomial function of %, the NP-hard performance
ratio is

2f(k) + k

ORI

for any constante > 0. O

4.3 Connection with Parameterized Complexity

4.3.1 Parameterized approximation

The parameterized analysis of Chapter 3 did not prove any difference between the
complexity of cAs(l) and the complexity of CAS(d). Using the results of the present
section, a simple algorithm for approximating CLOSEST SUBSTRING is possible
when parameterized with d. While a PTAS was given in [59] for CLOSEST SUB-
STRING under constant alphabet size, and extended in this thesis to handle an arbi-
trary alphabet size, allowing the fixed parameter d simplifies the algorithm signifi-
cantly.

Fixing d is unusual because d is the objective function for CLOSEST SuB-
STRING; objective function values, by definition, cannot be specified as part of
an instance of an optimization problem. There are two reasons why, in the case
of CLOSEST SUBSTRING, it is reasonable to fix the value of the objective function.
The first is the fact that the objective is to minimize d, which indicates that better
solutions will not require more time than solutions of lower quality. The second
reason is that tight bounds on the value of d can be obtained easily using Lemma
2.1, which allows the value of d in the complexity algorithm to remain less than
twice the optimal value.

An important article by Cesati and Trevisan [19] established the notion of an
efficient polynomial time approximation scheme or EPTAS. The definition of an
EPTAS treats the performance ratio of an algorithm as a parameter. If the solution
produced by an EPTAS is an r-approximate solution, the time complexity of the
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EPTAS must be of the form O(f(r)n®), where f is an arbitrary function, and c is
a constant. Unfortunately the algorithm of this section is not an EPTAS, and the
question of whether such an algorithm exists remains open.

Initially, the algorithm scans the input to obtain a 2-approximate solution, which
removes the need in subsequent steps for d to assume values greater than twice the
optimal value. Then the algorithm builds a center by selecting each possible set of
r occurrences, of which there are O ((mn)"). Given a set of possible occurrences,
the positions that are identical within the occurrences are assigned to corresponding
positions in C. There are at most rd remaining positions, and the algorithm enu-
merates all strings that may be assigned to those positions, and then tests the con-
structed center. The algorithm is called BOUNDENUMERATION, and is described
in pseudocode in Algorithm 8.

Algorithm 8: Pseudocode for the BOUNDENUMERATION algorithm.
Input: A set of strings F = {.51,...,S,,} and two integers r < .
Output: A (1 + 1/r)-approximate center C for F.
BOUNDENUMERATION(F, 1)

1. ford—1tod

2 foreach R = {S;,,...,S;.} C Fsuchthat |R| =r

3. foreach R’ = {s1,...,8.} € S;, X ... xS,

4. foreach Z € Sp : Vs; € R, dy(s;, Z) < d

5 if SCORE(Z, F) < SCORE(C, F) thenC «— Z

6 output(C)

Theorem 4.14 The algorithm BOUNDENUMERATION runs in O(der??(mn)"*1)
and guarantees a (1 + 1/r)-approximate solution.

Proof. The first step requires © ((mn)?) time, but this is additive and does not have
an asymptotic effect. The number of sets of possible occurrences that will be tested
isat most () (n — 1+ 1)" € O((mn)"). For each such set, the number of centers

constructed and scored is p
(T )|ZR/|d < edr?d,
d
Obtaining a score for each center introduces another factor of ©(mn). The entire

procedure is repeated for each value of d until d is reached. The performance ratio
of the algorithm is a consequence of Theorem 4.1. [
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4.3.2 Hardness by parameterized reductions

Parameterized complexity can be used to gain additional insight into the approxi-
mation properties of CLOSEST SUBSTRING.

Theorem 4.15 There is no approximation scheme for CLOSEST SUBSTRING run-
ning in time O(f(m,1,1/e)n|%|°) unless FPT=W[1] and there is no approxima-
tion scheme for CLOSEST SUBSTRING running in time O(f(l,1/e)n|X|*) unless
FPT=WI[2].

Proof. Suppose the theorem does not hold. Then select e = 1/(2d), providing an
error of less than one unit (no error). This would imply that cAs(/) and CAS(m, 1)
are in FPT. As the problems are hard for W[2] and W[1] respectively, these classes
would collapse to FPT. O

4.4 Summary and Open Problems

This chapter focused on the pattern discovery problem as the problem of finding
“optimal” patterns, with respect to various conceptions of pattern quality.

The first abstraction was the CLOSEST SUBSTRING problem, which has been
shown to have a polynomial time approximation scheme when restricted to a con-
stant sized alphabet. In Section 4.1, a polynomial time approximation scheme was
given for the problem with no assumptions about the size of the alphabet; the algo-
rithm remains a PTAS even when |X| € Q(mn). The most restrictive assumption
concerning alphabet size, the restriction to a binary alphabet, was shown to have a
significantly greater approximability than previously known.

In Section 4.2 three different problems were analyzed, each with a different
objective function. The MAX CLOSEST SUBSTRING problem, which is the com-
plement of CLOSEST SUBSTRING, was shown NP-hard to approximate with per-
formance ratio better than 2(log m). With a simple greedy algorithm, the problem
was shown to be approximable within || log m.

The objective of finding the largest subset 7' C F for which radius(F’) < d,
for some specified d, was shown NP-hard to approximate with performance ratio
better than 1 + 1/e. No non-trivial upper bounds on the approximability of this
problem are known.

For another objective, that of maximizing the length of a pattern, tight approx-
imability bounds were obtained. The problem was abstracted as the LONGEST
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Table 4.1: Approximability results for CLOSEST SUBSTRING problems with no
restrictions place on |3|.

Problem NP-hard eP
CLOSEST SUBSTRING - PTAS
MAX CLOSEST SUBSTRING logm |X|log m
MAXIMUM COVERAGE APPROXIMATE SUBSTRING 1+1/e -
LONGEST COMMON APPROXIMATE SUBSTRING 2—¢ 2

COMMON APPROXIMATE SUBSTRING problem, which was shown NP-hard to ap-
proximate with performance ratio better than 2—e, for any e > 0. A 2-approximation
algorithm was given for the problem, showing that the bound is tight. All of these
results are summarized in Table 4.1.

There are many open questions concerning the approximability of the problems
examined in this chapter. The complexity of CLOSEST SUBSTRING has been re-
solved, but it is possible that better approximation schemes exist for both CLOSEST
STRING and CLOSEST SUBSTRING. In particular, it is likely that the occurrence set,
found by random sampling in the LARGEALPHABET algorithm, can be obtained
more efficiently.

Among the other objective functions analyzed in this chapter, the MAXIMUM
COVERAGE APPROXIMATE SUBSTRING has a large margin for improvement in the
complexity bounds. An efficient algorithm that gives even a constant time approx-
imation, and even under the assumption of constant sized alphabet, would be valu-
able.



Chapter 5

Toward Optimal Enumeration

The COMMON APPROXIMATE SUBSTRING problem is a decision problem and there-
fore has a boolean solution set. It is difficult to conceive of situations where a
boolean solution would be of use to biologists, except when the solution is negative
(results for negative solutions, i.e. string non-inclusion problems, may be found in
[77]). Practical uses for the COMMON APPROXIMATE SUBSTRING problem require
the boolean solution to be accompanied by the center certifying the solution. The
situation is similar for the optimization version, CLOSEST SUBSTRING. It is rarely
the case that a practical problem can be solved by knowing that a set of strings has
a particular radius unless the center achieving the radius is known. Results from
Chapters 3 and 4 are useful for several reasons. First, lower bounds extend from
the idealized problems to the more practical problems. More importantly, as is
the case with any computational problem, analysis of the formal problems reveals
mathematical properties that may be exploited in designing practical algorithms and
heuristics.

A more appropriate formulation for the pattern discovery problem as it is used
in practice is that of discovering all patterns that could be centers or closest sub-
strings. In this chapter we will examine the problem under the name of MOTIF
ENUMERATION, in an attempt to bring the problem abstraction closer to the reality
of the motivating problems. As discussed in Chapter 2, the name motif is often used
to refer to short patterns in bio-molecular sequences. The enumerative aspect cor-
responds to the fact that all motifs are equally important a priori. In the biological
context, an advantage of the enumerative approach is that it allows the discovered
motifs, which posses a certain combinatorial property, to be evaluated according
to other criteria. In this capacity, the enumerative algorithms can provide input to
other algorithms that filter motifs based on other properties.

We derive algorithms that produce the entire set of motifs satisfying the con-
straints of the problem parameters, and note that just as lower bounds on complexity
for the COMMON APPROXIMATE SUBSTRING problem extend to MOTIF ENUMER-

81
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ATION, all upper bounds on enumerating all motifs provide upper bounds on the
corresponding decision problem. Formally, we define the MOTIF ENUMERATION
problem as follows:

MOTIF ENUMERATION

Instance: The inputisaset 7 = {Sy,...,S,,} of strings over an alphabet ¥ such
that |S;| < n,1 <4 <m,andintegers/and d suchthat0 < d <[ < n.

Question: The solution is a set of motifs M~ C X' such that for each motif C €
M and each S; € F, there exists a length [ substring of S; that is Hamming
distance < d from C.

The major computational challenges associated with enumerating motifs have al-
ready been demonstrated in Chapter 3, and to a lesser extent in Chapter 4. In addi-
tion to the difficulty presented by hardness of the underlying decision problem, we
are faced with the task of producing all solutions. Fortunately, analysis of the FPT
variants in Section 3.1 did not assume the algorithms halted after a solution was
produced. So unlike the case of counting matchings in a graph, or satisfying DNF
assignments, we do not expect a significant difference between the complexity of
the decision and enumeration problems.

The chapter is organized as follows. In Section 5.1 we describe the first al-
gorithm, CENSUS, that improves on an algorithm of Sagot [78] and establishes
an upper bound on the time and space complexity that is linear in both the string
length and the number of strings. We also discuss parallelizations of the algorithm.
In Section 5.2, we describe the CIRCUITSIMULATION algorithm, further reducing
the upper bound on the time complexity. The algorithm is based on a data structure
that succinctly encodes sets of motifs, and allows efficient set operations. In Section
5.2.3, we show the problem admits an FPP algorithm, placing the corresponding de-
cision version in the subclass of fixed parameter tractable problems that are highly
parallelizable [18].

5.1 Improved Time and Space Complexity

There have been many enumerative algorithms for finding motifs in sets of se-
quences (see, e.g., [92, 12, 88, 80, 86]). These algorithms each approach the prob-
lem differently; most attempt to eliminate as much of the search space as possible.
Each, however, attempts to enumerate all strings of length [ over the sequence al-
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phabet. This most naive form of search introduces a factor of Q(|X|!) into the time
complexity. The benefit of this type of enumeration is that it requires space bounded
by a linear function of the size of the input. Further, when dealing with extremely
large texts, the algorithm loses a small amount of efficiency when the text must be
stored externally, but the motifs fit in memory.

Sagot [78] introduced a different approach that enumerates only those strings
that are potential motifs, letting information from the sequences guide the enumer-
ation. This more intelligent search remains within the (/, d)-neighborhood of each
sequence. The method of Sagot has a time complexity of O(im?n ), a space com-
plexity of O(Im?n), and has proved successful in practice [89]. We note that the
algorithm in [78] was actually designed with a “quorum” parameter, so that a motif
is only required to be common to some ¢ < m of the sequences.

In this section we make an initial improvement to the known time and space
complexity for the enumeration problem. We eliminate a factor of m from the
requirements of the algorithm of Sagot [78]. This brings the time complexity to
O(ImnN), and the space complexity to O(Imn). In Section 5.2 we further reduce
the time complexity to O(mnN).

5.1.1 The Census algorithm

The algorithm in [78] employed a generalized suffix tree [44], and required that
each node indicate the subset of strings having the node’s label as a prefix. We
eliminate the use of generalized suffix trees, and therefore eliminate the sets stored
at each node. Analysis indicates that we have also eliminated the factor of ©(m) in
the time complexity without increasing the influence of the remaining parameters.

CENSUS begins with the construction, for each S; € F, of the lexicographic
trie 7; encoding all length [ substrings of .S;, which requires O(lmn) time. A lex-
icographic trie is a trie encoding a set of strings, where children of each node are
ordered lexicographically (see the discussion in [1] for the similar keyword tree).
The potential motifs of desired length [ are not searched directly. The search pro-
cess iteratively searches for each prefix of a given motif in order to take advantage
of the fact that prefixes are shared by many potential motifs. This eliminates some
redundant processing, as will be shown in the complexity analysis.

Let C be a (Iength < [) motif for F. Define the family of sets ' = {F}, ..., F},,}
with respect to C as

F;, ={(v,k) : visanodein the tree T;,and 0 < k < d},
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where k£ counts mismatches between the label of v and C, foreach 1 < ¢ < m.
Think of F; as the frontier of nodes in T; whose path labels are of Hamming distance
< d from C. For any (v, k) € F}, the path label of node v spells out an occurrence
of Cin S;. Forany 1 <i < m and element (v, k) € F;, the value of & is the number
of mismatches between C and the path label of node v in 7;. Given a character
a € Y and a frontier set F' defined with respect to a motif C, the family of sets
Fe = {Fp, ..., F%} is the frontier set defined with respect to the length |C| + 1
motif Ca.

While searching the space of possible motifs, if any F; € F' is found to be
empty, the search space is pruned. The emptiness condition implies that there exists
some member of F containing no occurrence of the motif presently being searched.
Pseudocode for the CENsus algorithm is provided in Algorithm 9. For the initial
call to CENsUS, C is the empty string and F' is the set of roots of the trees T3, each
given an error value of 0.

Algorithm 9: Pseudocode for the CENSUS algorithm.

Input: A set of lexicographic tries F' = {F}, ... F,,} and a string C.
Output: The set M of motifs for F.

CENSUS(C, F)

1. for each character o € X

2. foreach F; € I

3. for each (v, k) € F;

4, if node v has a child v’ labeled with o

5. F = Fru{(v, k)}

6. ifk<d

7. for each child v’ of v that is not labeled with o
8. Fe — Fru{(v, k+1)}

9. ifVF* e F* F £ 0

10. C' — Ca

11. if |C'| = [ then output(C")

12. else make the recursive call CENSUS(C’, F'*)

The CENsUSs algorithm was implemented in Cand tested on a 1.4GHz Pentium
3 processor. Simulated data consisted of sequences generated uniformly at random
from a 4 character alphabet. For (m, n, [, d) values of (1000, 1000, 12, 3), CENSUS
required 95 minutes and 370 megabytes of memory; 4.5 hours and 97 megabytes
was required for values of (100, 2000, 15,4). The algorithm was also tested on a
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dataset taken from the E. coli genome, with values (2645, 2000, 9, 2), and required
37 minutes and 991 megabytes of memory.

5.1.2 Complexity analysis

The space complexity of CENSUS is straightforward. Since the nodes of the lexi-
cographic tries appear in at most one frontier at any instant, the space required is
a constant multiple of the size of the lexicographic tries. We have the following
bound on space complexity.

Theorem 5.1 The space complexity of CENSUS is O(Imn).

The time complexity analysis is more intricate. We use an amortized analysis
that bounds the total number of calls to CENSUS, and the average size of the frontier
F passed to each call. We also analyze two modifications of the algorithm as it is
described above. The first modification allows a quorum parameter, and the second
changes the definition of the parameter d to represent an average distance instead
of a maximum.

First we present a property of the search space of CENSUS, indicating the diffi-
culty in eliminating the factor of ©(!) that appears explicitly in the time and space
complexity of the algorithm.

Lemma 5.1 For any string s € X', let Ny(s) = U\_, N; 4(s[1..j]), then
d € o(l/logs (1)) = |Na(s)| € w(N).

Proof. Consider the smallest lexicographic trie 7" encoding N,(s). Every simple
path in 7" having the root as an endpoint corresponds to a string in Ny(s). Equiv-
alently, there is a bijection between N, (s) and the nodes of 7'. Each internal node
in 7" must have degree |3| children or 1 child, and no nodes with 1 child exist as
ancestors of those having |X| children. Let 7" be portion of T consisting of nodes
with || children, along with their children. The number of nodes in 7" is N, and
the average depth of leaves in 7" is

[logs(N)] < d(logs (1) + 1).

So the number of nodes in 7" having 1 child or no children is at least N (I —
d(logys; (1) + 1)). 1f d € o(l/(logs;(s) + 1)), then the total number of nodes in
T is at least

N(l —d(logs (1) + 1)) € IN(1 = o(1)) € w(N).



CHAPTER 5. TOWARD OPTIMAL ENUMERATION 86

g

The basic algorithm
Theorem 5.2 The time complexity of CENSUS is O(ImnNN).

Proof. The time complexity of the algorithm is proportional to the number of mo-
tifs in the search space, multiplied by the size of the family of frontiers F' that must
be constructed for each point in the search space. In the worst case, for m strings of
length n, there are O(nN') potential motifs for . The maximum size of the (I, d)-
neighborhood of a string S of length n is (n — [ + 1) N, and this is achieved when
the d-neighborhoods of all length [ substrings of S are disjoint. Further observe
that this upper bound on the number of motifs in the search space gives an upper
bound on the search space traversed by the algorithm when all (, 4)-neighborhoods
of members of F completely overlap. Attaining this limit on the search space re-
quires that each F; € F' have exactly one element. For 1 < j < [, let X, be the
space of all motifs C for F such that |C| = 5. Then under the condition of complete
(1, d)-neighborhood overlap for members of F:

|F| ngl ‘Xj| < ngjgl (ﬁl)(|2| - 1>d = O(lmnN).

Consider how the search space is affected should any F; have more than one ele-
ment. The (I, d)-neighborhoods of substrings of .S; would no longer be disjoint and
the d-neighborhood of S; would have at least one fewer member. Since each in-
crease in the size of a set F; € F', with respect to any motif C, decreases the size of
the search space by an equal amount, the situation of total (/, d)-neighborhood over-
lap is the worst case. Hence, the overall running time of the algorithm is O(InmN).
]

Including a quorum parameter

The algorithm can be easily adapted to handle the quorum version of the prob-
lem, as in [78]. Instead of requiring that each F; € F' be non-empty, it would be
sufficient to verify that ¢ of the frontiers be non-empty. In Section 4.2.2 the anal-
ogous optimization problem, MAXIMUM COVERAGE APPROXIMATE SUBSTRING,
was examined.

Theorem 5.3 Given a quorum parameter ¢ < m, Census solves the motif discovery
problem in O((m/q)mnN) time and O(mn) space.
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Proof. We must first bound the number of distinct motifs for a set of strings for
a quorum value of ¢. If all strings are identical, the number of motifs is bounded
by nN, regardless of ¢. As before, we consider the maximum number of possible
motifs for each string, nV, and there are m strings. If the set of strings is partitioned
into size m/q subsets, and the strings within each subset are identical, then each
substring maps to NV different motifs, and each motif has exactly ¢ occurrences,
which is optimal. O

Modification for average distance

Another interesting related problem is obtained by modifying the relationship be-
tween a motif and its set of occurrences. For a motif C, and a set & of occurrences
of C from distinct members of F, define x as

dH(sij,C)) .

[ = min min
m

cexl S 1<j<n—I+1
It is clear that 1 < d, now we are simply trying to minimize an average instead of
a maximum. The modification simply requires maintaining the minimum number
of mismatches between the center and a substring of S;, for each S; € F. This
modification adds constant time for each call to the algorithm, the following com-
plexity bound is obtained by bounding the number of calls. For the next theorem,
we modify the definition of N, replacing the parameter d with p.

Theorem 5.4 For the modified problem where ;. represents the average distance
CENsus can be modified to run in O(|X|ulmnN) time and O(|X|lmnN') space.

Proof. We begin by imposing a score function over the set of strings in N, j(s;;),
(0 < k < my), for any substring s;; of any .S; € F. The score function y is defined
as follows:

Ce Nl,k(sij) = ng(c) =uU— k—+1. (51)
We can now characterize M £ in terms of x. For all C € M £,
CGM}‘@VS@ E.,F,ELSZ'J' € Sl?ZXU(C) > m. (52)
i=1

To establish (5.2), we rephrase the definition of M ~ as

Ce M]: =4 VSZ e F E|Sl'j € Si, ZdH(C, Sij) < mu. (53)

i=1
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That is, the sum of the differences between C and each member of a set of occur-
rences, one from each string of F, must be < my (this is by definition). Now,
consider the sum of the y;; scores for C:

S xi€©) = pn—du(Csy) +1=mp— (3 dy(C,si) +m.  (5.4)
i=1 =1 =1

Consider the equivalence expressed by 5.1. For the (=) direction, if C € M«
then the right hand side of (5.3) holds. By substitution for the summation in (5.4),
this implies that the summation must be > m. For the («=) direction, suppose the
expression on the right hand side of (5.2) is true. By (5.4), this implies that the sum
of distances is < mu, which by (5.3) implies that C € M ~.

We will bound the total number of motifs by optimally distributing the points of
substrings of members of . The total number of points held by F is

H
mn—1+1)> (u—k+1)(}) (|- 1)
k=0

< mnz,u(li)ﬂm —1)* = ymnN. (5.5)
k=0

Dividing this value by m, it follows that the maximum number of motifs for a set
F of strings is unV.

Since the total size of all frontiers built during execution of the algorithm is
O(pulmnN), and each node in each frontier is examined |X| times, the total com-
plexity is O(|X|plmnN). O

The bound on the number of motifs where p is an average distance between
motif and occurrence is unlikely to be tight. It seems reasonable to assume that the
worst case is when all strings are identical.

Conjecture 5.1 For the problem where p represents the average distance between
motif and motif occurrence, there can be no more than n/N motifs for any set F of
strings, where N is defined with respect to .

5.1.3 Parallelizations

The nature of the search in the algorithm makes it a prime candidate for distributed
search. Practical aspects of such distributed searching are facilitated by the linear
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space requirements (in terms of input size). The CENSUS algorithm can be par-
allelized to achieve O(1) supersteps within the bulk-synchronous parallel (BSP)
model [87]. BSP models parallelism using virtual processors that are mapped dur-
ing execution to a smaller number of actual processors. An algorithm’s computation
is broken into supersteps, units of processing and communication that represent the
necessary synchronization. All virtual processors must complete each specific su-
perstep before any proceed to the next superstep. A parallel algorithm with a large
superstep complexity is considered to be fine grained; it needs high synchroniza-
tion and short time intervals. If the number of supersteps is small, the algorithm
is coarse grained and requires little synchronization between virtual processors,
which is desirable for parallel algorithms. The algorithm is modified as follows to
partition the search space.

1. Each processor computes the prefixes of motifs for which it will search (these
prefixes are distributed uniformly among the processors). Each processor
searches for motifs, and when finished, broadcasts the number found.

2. With the information about the number of motifs each processor has found,
processor P computes the starting address it will use to write the lexico-
graphic trie into global memory. Then P writes the lexicographic trie encod-
ing its motif set into global memory.

Theorem 5.5 Forall 1 < p < N, the partitioned search space algorithm takes
O((N/p)mnl) time and requires O(mnl) space per processor, while performing
O(1) supersteps.

Proof. The time complexity of the supersteps follows from the time complexity
of CENsuUs. This algorithm only needs to be synchronized after each step in the
modification description, so the number of supersteps is constant. [

Another way to parallelize the algorithm is to assign each string in  to a unique
processor. Since the data for each input string is indexed in a separate lexicographic
trie, this would be feasible for systems without shared memory. This type of paral-
lelization reduces the influence of the number of sequences (m) on the time com-
plexity of CENSUS.

1. Each processor constructs the lexicographic tries corresponding to its as-
signed sequences.
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2. If the present motif prefix has length [, a motif has been found (a situation
that can be handled in many ways). Otherwise, each processor makes the ap-
propriate updates to the frontier sets based on the present motif prefix. When
the frontiers have been updated, processors communicate whether or not to
extend the present motif prefix, or backtrack. This step is repeated until the
search is completed.

This is a fine grained parallelization, as the processors need to communicate after
examining each extension. As such, we also consider the time for the communica-
tion required to direct the search.

Theorem 5.6 Using p processors, the problem can be solved in O(l(mn/p+logp)N))
time and O(n) space per node.

Proof. The factor of N in the time complexity of CENSUS corresponds to the
search space that is traversed; this factor remains untouched by the paralleliza-
tion. Similarly, the factor In corresponds to the frontiers that must be maintained.
Since disjoint sets of m /p frontiers are associated with distinct processors, they are
updated independently in parallel, thus eliminating a factor of p from the time com-
plexity. The only additional work to be accounted for is that required to determine
when to backtrack. This requires communication, and essentially computing a logi-
cal “or” of a value from each processor. Done carefully, this requires O(log p) time.
U

5.2 Further Improvements

In this section we show how to solve the enumeration problem in O(mnN) time,
simultaneously giving an O(mnNN) upper bound on the time complexity of solv-
ing the COMMON APPROXIMATE SUBSTRING problem, which is presently the best
known upper bound. The space complexity increases to ©(mn/V), but the output
M £ is produced in a concise encoding that requires O(| M x|) space, and can be
queried for membership of a string s in time O(|s|). The algorithm also has an
efficient PRAM parallelization, which will be described in Section 5.2.3.

5.2.1 Simulating a boolean circuit

We begin by showing that the enumeration problem can be solved inin O(mn f(l, |X|))
time and O(mnf(l,|X|)) space using sets of motifs and performing set operations.
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We establish that log-depth computation, with respect to the input size, is sufficient
for solving the problem. This is a computational expression of the fact that when N
is a constant, the motif discovery problem can be expressed as a log depth boolean
formula. The algorithm is an implementation of this logical characterization, which
is similar to the characterization given in Section 3.3 by the occurrence testing cir-
cuit. The algorithm essentially replaces the disjunctions and conjunctions of the
circuit with unions and intersections of motif sets. Our ultimate goal is a more ef-
ficient algorithm, but this algorithm demonstrates an important idea and motivates
the details that will be addressed subsequently.

The algorithm is called CIRCUITSIMULATION, and is given in pseudocode in
Algorithm 10. There is no special representation assumed for sets of motifs in the
algorithm; the naive representation of a very large hash table is sufficient.

Algorithm 10: Computing M £ using set operations
Input: A set F of strings.

Output: The set M r of all motifs for F.
CIRCUITSIMULATION(F)

1. X 0

2 foreach S; ¢ F

4 for each length [ substring s,; of S;
5. Xij — Nl,d(sij)

7 if X #0then X «— X NX;

8 else X «— X;

9 return X

It is easy to see that when [%|! € O(1), the algorithm has a time complexity of
©(mnf(l,|X])) time using O(mnf(l,|X|)) space. The time complexity is actually
O(Imn|X]'), and since |X|' > N, we have not yet improved on the complexity
bound given by CENsus. We will reduce the complexity of the above algorithm by
changing the way the sets are encoded, and providing more efficient algorithms for
performing the set operations.
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5.2.2 Neighborhood trees for set operations

We introduce a data structure that concisely encodes the (I, d)-neighborhood of a
set of strings, while allowing some important operations to be performed efficiently.
The data structure is similar in spirit to those from [47] and [6], which encode sub-
sequences as small automata. Like motifs the subsequences are a type of approxi-
mation to a substring. Also like motifs, the number of subsequences of a string may
be very large. Unfortunately our structure will be significantly larger than those for
subsequences in order to support certain required operations efficiently: by not at-
tempting to minimize the size of our structures we facilitate analysis of algorithms
that operate on them.

The data structure is called a neighborhood tree, and is a compressed trie that
uses indexing similar to that used by edge-compressed suffix trees.

Definition 5.2.1 (neighborhood tree) For any set F of strings, each of length n > [,
the (I, d)-neighborhood tree 7} 4(F) for F is a rooted directed tree satisfying four
conditions:

1. Each edge is labeled with a string.

2. Any two edges out of the same node have labels beginning with distinct char-
acters.

3. Any internal node has out-degree at least 2.

4. Every string in z € N, 4(F) maps to some leaf u of 7; 4(F) such that the
string formed by concatenating in order the labels on the path from the root
to u exactly spell out z, and every leaf of 7, 4(F) is mapped to some z €
Nya(F).

When F = {S}, we write T} 4(F) as 1} 4(S) for convenience.

The (1, d)-neighborhood tree has the important property that, given a query string s
of length [, it is capable of answering whether s is contained in the (, d)-neighborhood
of F, and can do so in time proportional to size of the query (i.e. |s|). Our goal is
to build and represent these structures in time and space proportional to the number
of leaves in the tree, which is exactly | N; 4(F)|. To accomplish this we must avoid
explicitly representing the edge labels, as doing so would require w(1) space per
node. Our method is inspired by the edge compression used in linear time suffix
tree algorithms [94, 62, 28], which represent edge labels by indexing substrings of
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the underlying strings. The strategy does not transfer directly to neighborhood trees
since not all substrings of members of IV, 4(F) occur exactly as substrings of mem-
bers of F. The representation we use is based on an observation about 7; 4(s) for a
string s of length /.

Property 5.2.1 Let s be a string with |s| = [. For any edge (u,v) € T} 4(s), if the
string labeling edge (u, v) has length « > 1, then v is a leaf and the string labeling
(u,v) differs by exactly 1 from the suffix of s having length . In addition, the
unique mismatch occurs at the first position of the string labeling edge (u, v).

Thus, for the restricted case of an (I, d)-neighborhood tree for a string s with |s| =,
any edge label may be represented in constant space. It is sufficient to index the
beginning and end of a substring in s, and indicate the character occupying the first
position of the label. This special character is called the modifier character, and it
will be assumed to exist on all edges, even those for which the modifier character is
the same as the one indicated by the indexes into the underlying string.

We describe an algorithm to construct (I, d)-neighborhood trees for strings of
length . The reason for considering this restricted case is that the ([, )-neighborhood
tree for a string S of length n > [ can be obtained by taking the union of the (I, d)-
neighborhood trees for each length [ substring of S. The construction algorithm is
based on the following recurrence. The symbol o denotes concatenation and when
applied to a set operates on each member of the set.

Property 5.2.2 Let s and s’ be strings with |s| = land || =1l — 1. If s = ao ¢
for some o € ¥, then

Nia(s) = <a o Nz—1,d(5/)) U ( Uges B 0 Nl_l,d_l(s')) (5.6)

The recursive characterization of a neighborhood suggests a recursive algorithm
for constructing a neighborhood tree. The information stored at each node in the
tree includes numbers indexing a substring in the underlying string, and a modifier
character that might override the first character indexed. We note that for this re-
stricted case, the modifier alone is sufficient since edges with labels of length > 1
are incident on leaves, and their index is completely determined by the depth of the
leaf and all leaves have the same depth. The reason for using the indexes is that
they will be necessary later when constructing (I, )-neighborhood trees for strings
of length > [. We also anticipate the extension to neighborhood trees for sets of
strings, and therefore assume the identity of each string is encoded along with the
pair of indexes.
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The construction algorithm is called BUILDNEIGHBORHOOD, and is given as
pseudocode in Algorithm 11. The algorithm is essentially a computational realiza-
tion of Property 5.2.2. The input is a single edge (the underlying string is assumed
to always be available) connecting the root to the unique leaf. The two nodes are
actually an (, 0)-neighborhood tree for some string s.

Algorithm 11: Pseudocode for the BUILDNEIGHBORHOOD algorithm.

Input: The root of an ([, 0)-neighborhood tree for a string s. A distance

parameter d.

Output: The root of an (I, d)-neighborhood tree 7 4(s) for s.

BUILDNEIGHBORHOOD(v, d)

1. Let x,, be the original child of v, and let « be the first character on
the label of x,,.

2. if d > 0and v is not a leaf
3. foreach § € ¥\ {a}
4 Create child ug of v with index (depth(v) + 1, depth(v) + 1)
and modifier character .
5. Create child z3 of ug with index (depth(v) + 2,|s|) and no
modifier character.
6. BUILDNEIGHBORHOOD(ug, d — 1)
7. Create node wu,, with index (depth(v) + 1, depth(v) 4+ 1) and no
modifier character. Increment the start index of x,, insert =, be-
low u,, and replace z,, with u,, as child of .
8. BUILDNEIGHBORHOOD(u,, , d)
0. return v

Lemma 5.2 For any string s, such that |s| = [, the ({, d)-neighborhood tree of s
can be builtin O(XV) time.

Proof. First, notice that the total number of leaves in the tree is O(XV), since they
are in 1-to-1 correspondence with members of N, 4(s). Because we use indexes
instead of explicitly representing edge labels, the size of each node is constant, as
is the time to create each node. Finally, since all nodes have out-degree > 2 or 0,
the total number of nodes is proportional to the number of leaves in the tree. [

After constructing 7} 4(s;;) for each length [ substring s;; of each S; € F, we
take the union of these structures to obtain each 7; 4(S;). The intersection of all



CHAPTER 5. TOWARD OPTIMAL ENUMERATION 95

T,.4(S;) gives T 4(F). For two (I, d)-neighborhood trees T; 4(s) and T; 4(s'), cor-
responding to strings s and s’, the union 7; 4(s) U 1; 4(s") is defined as the (I, d)-
neighborhood tree encoding exactly the set of strings IV, 4(s) U N, 4(s’). The inter-
section of neighborhood trees is defined similarly with respect to the intersection
of the neighborhoods. The union and intersection operations are accomplished by
recursively applying the operations to subtrees. This requires being able to deter-
mine the extent to which two nodes are identical, which requires determining the
length of the longest identical prefix of a pair of edge labels. As an example, let
s = abced and ' = abba, and consider T}y o(s) and T}y o(s") which each have two
nodes. The union T}y o(s) U Ty o(s’) has four nodes (a root with one child that has
two children), and three edge labels (ab, cd and ba). In order to determine the length
(and label) of the edge labeled with ab while taking the union, we are required to
determine the length of the longest prefix of s and s’. Our goal is to do this in con-
stant time regardless of the length of the edge labels, so simply matching the strings
does not suffice. The problem is handled using longest common extension queries,
as explained in the proof of the next lemma.

Lemma 5.3 The union and intersection operations for neighborhood trees can be
performed in time bounded by a linear function of the size of the input structures.

Proof. In a neighborhood tree resulting from a union or intersection operation, the
number of nodes is bounded by a linear function of the total number of nodes in
the trees being operated on. The union and intersection algorithms proceed by
recursively applying unions and intersections on the appropriate subtrees of the
input structures, and each node in the input structures need only be visited once.
When the length of each edge label is O(1), we need only spend constant time at
each node in the input structures to determine the identity of the nodes to be created
in the resulting structure. So for this restricted case, the set operations take linear
time.

The only complication arises when two edge labels of length w(1) must be com-
pared to determine the length of their longest common prefix (as illustrated by the
example above). Sequentially matching individual characters requires time propor-
tional to the length of the shorter of the two edge labels. We use longest common
extension queries to speed up the comparison. Given a pair of start indexes (i, j) for
two substrings from (not necessarily distinct) strings S and S’, the longest common
extension for (i, j) is the length of the longest prefix of suffix ¢ of .S that matches
a prefix of suffix 7 of S’. The longest common extension for the starting indexes
of two edge labels is equal to the length of the longest prefix that is identical in the
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two labels.

After linear time preprocessing, longest common extension queries need only
constant time. This is implemented by (1) creating a generalized suffix tree for
the strings, which requires at most linear time using a number of methods, and (2)
augmenting the tree for lowest common ancestor queries, which can also be done
in linear time (for details see [44]). After creating and augmenting the generalized
suffix tree, lowest common ancestor queries can be answered in constant time. The
depth of the lowest common ancestor for two leaves gives the length of the longest
common extension for the corresponding suffixes.

Therefore, even when arbitrary length edge labels are allowed, the edge labels
can be compared in constant time during union and intersection operations. So
linear time is sufficient for union and intersection operations in the general case.
O

While enumerative algorithms must have their running times dependent on the
output size, we avoid this by encoding the set of motifs in a structure instead of
producing each motif.

Theorem 5.7 The time complexity of CIRCUITSIMULATION is O(mnN).

Proof. By Lemma 5.2, each call to BUILDNEIGHBORHOOD requires O(N) time.
There are O(m) union operations, which by Lemma 5.3, each require O(n V) time.
Also by Lemma 5.3, the intersection operation requires at most O(mnN) time.
U

Once the structure has been built, the complete list of motifs can be extracted in
O(IN) time, so the enumeration can be done in O(mnN + IN) = O(mnN) time.
The space requirements of the algorithm are the same as the time requirements.

5.2.3 A PRAM algorithm

Of more theoretical interest is the complexity of the problem when we are allowed
a polynomial number of processors in the PRAM model of parallel computation,
which has multiple processors using a shared memory. The class of algorithms
that achieve a logarithmic running time using a polynomial number of processors
is called NC [23]. Two analogues of NC have been defined within the context of
parameterized complexity [18]. For a problem IT with parameter k, the class PNC
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contains problems with algorithms requiring at most O(f(k)(log |=|)9*)) time, us-
ing O(h(k)|z|¢) processors, on instance = € II, for some constant ¢ and arbitrary
functions f, g, h. The definition of the class FPP modifies the allowed time to be
O(f(k)(log|z|)¢), so FPP C PNC C FPT. The algorithm described in this section
is a CREW-PRAM algorithm, meaning that the PRAM model is further qualified
by the restriction that no two processors can write to the same memory location
simultaneously.

The algorithm can be seen as an adaptation of the CIRCUITSIMULATION al-
gorithm, where the set operations proceed from the leaves to the root of a binary
processor tree. For any processor p at an internal node in this tree, subscripts L and
R indicate data held by the left and right children of p. Leaf processors are assigned
substrings of the strings in F, and all processors assigned a substring from the same
string are arranged consecutively. For the purpose of illustration, we assume both
m and n — [+ 1 are powers of 2. Our algorithm requires that the neighborhood trees
do not have compressed edges, so that construction of the suffix trees required for
longest common extension queries may be avoided. The simple lexicographic tries
used instead have a number of nodes bounded by f(|%],1) = O(|X]").

Algorithm 12: Pseudocode for the PARALLELCIRCUITSIMULATION algorithm.
Input: A set F of strings.

Output: A lexicographic trie encoding M .
PARALLELCIRCUITSIMULATION(F)

1 for each leaf processor p (in parallel)

2 (p computes) T;; «<— BUILDNEIGHBORHOOD(s;;)

3 for k — 2tolog(n —1+1)

4. for each processor p (in parallel)

5. if pis at level k£ then (p computes) T «— T, UTg
6 for k «— log(n — 1+ 1) + 1 to log(m(n — [ + 1))

7 for each processor p (in parallel)

8 if pis alevel k£ then (p computes) T «— T, N Tx
9 return 7’

The above algorithm establishes the following result concerning the parallel
parameterized complexity of the MOTIF ENUMERATION problem.

Theorem 5.8 The MOTIF ENUMERATION problem can be solved in O(f(|X|,1) log(mn))
time using O(mn) processors.
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5.3 Additional Applications

5.3.1 The Substring Parsimony problem

If the motif of interest is a biologically important pattern in a set of orthologous
sequences (orthology describes sequences in different species that derive from a
common ancestor), one might view the value d as representing some evolutionary
distance between the motif and the set of occurrences. Extending this idea, one
might refine the definition of d to reflect evolutionary distance connecting the motif
to its set of occurrences. The [ positions in the substring can be treated as characters,
each having |X| possible states. The SUBSTRING PARSIMONY problem, defined in
[13], captures the idea of distance d being distributed over an evolutionary tree
assumed to reflect evolutionary relationships between the sequences, and therefore
the occurrences of the motif.

SUBSTRING PARSIMONY

Instance: The input is a family 7 = {54, ..., .S,,} of orthologous sequences from

m different species, a phylogenetic tree 7' relating the species, and two integers [

and d.

Question: The problem is to determine if there exist substrings sq, ..., s,, of S1, ..., .S,
respectively, such that the parsimony of s, ..., s,, with respect to 7" is at most d.

Parsimony, in this context, is defined here as the sum of the distances between
strings labeling adjacent nodes in the tree 7. The principle of parsimony, in general,
is an assumption in evolutionary theory that is similar to Occam’s razor: the correct
hypothesis is the one assuming the least.

Observe that in the above problem statement, there need not be a motif; the
string at each node (leaves included) can be viewed as the motif. The problem can
be modified placing a new node on any longest path in the tree such that the distance
from the node to the ends of the path is d/2. The string at the new node would be
analogous to the notion of a motif that we have been examining.

The problem was originally defined as an enumeration problem requiring the
algorithm to produce all solutions. Unlike the MOTIF ENUMERATION problem, the
number of solutions is not bounded by |3|' or nN. The problem specifies that a
solution is a set of ©(m) length [ strings, so the combination is exponential in the
number of leaves.

The complexity of this problem as demonstrated in [13] is givenas O (Imn(I(]|X]|—
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1))%2). We improve on this complexity here by combining techniques described in
Section 5.2.1 and Section 5.2.3. We use the neighborhood tree to improve the com-
plexity bound for this problem. We need the following property.

Lemma 5.4 For any tree 7" and set of sequences F, if the substring parsimony of
JF with respect to 7" is d, then the optimal motif has distance at most [d/2].

Proof. We assume d is even, the case of odd d is handled similarly. Fix some
labeling of the nodes of T that realizes the parsimony. So every node is labeled
with exactly one length [ string. Consider a longest path P in T'. If d is the sum
of the lengths of the edges in 7" (i.e. the parsimony of F with respect to 7°), then
P has length at most d. Clearly, there are exactly 2 leaves on any longest path in
T. Let v; and v, refer to those leaves, and let s; and s, be the strings labeling
them, respectively. Let length(P) be the sum of distances between strings labeling
adjacent nodes on P. Let v3 be the furthest node from v, in P that is at most
length(P)/2 from v;. Let vy be the furthest node from v, in P that is at most
length(P)/2 from v,, and not equal to v;. So if s3 is the label for vz, and s, is the
label for v,, then

dp(s1,83) + dp(s3, 84) + dp (54, 52) = length(P).

Create a new node v5 between v3 and v4. Let s5 be any string obtained by substi-
tuting length(P)/2 — dy(s1, s3) characters of s, for the characters of s3, and let s5
label vs.

Now suppose s; is not a motif for F with distance at most d/2. Then there is a
string s labeling a leaf node such that dy (s, s5) > d/2. Without loss of generality,
let dy (s, s3) > dy(s, s4), SO the shortest path from s to s5 passes through s;. This
implies

dp (s, ss) + dg(ss, s2) > d/2 + dg(ss, $2)
> dp(s1,85) + dp(ss, s) = length(P), (5.7)

contradicting the assumption that P is a longest path. [

In the statement and proof of the next theorem, we assume NN to be defined with
respect to d/2, where d refers to the substring parsimony.

Theorem 5.9 The SUBSTRING PARSIMONY problem can be solved in O(mnN)
time and O(mnNN) space.
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Proof. We describe the algorithm, which is based on the intersection of neighbor-
hood trees, and the complexity will follow from the complexity of constructing and
taking the intersection of neighborhood trees.

First, the (I, d/2)-neighborhood tree for each S; € F is constructed, and each
leaf stores the minimum distance between the string labeling that leaf and any sub-
string of S;. This modification does not alter the time complexity of the construction
algorithm or the space required by the neighborhood trees. For each pair of sibling
leaves, take the intersection of their trees, and let the tree held at the parent have d
values equal to the sum of the values for the corresponding leaves in the children.
Proceed in this manner until the next intersection is empty, or there are no remain-
ing nodes. Continue this process in arbitrary order until (1) every node has a tree
associated with it, or (2) the intersection of any set of sibling nodes is empty. When
a single edge remains, take the intersection of the trees at the endpoints of the edge.
If the intersection is empty, return negative, otherwise, the minimal d value for any
motif in the intersection is the parsimony value. [

5.3.2 The Distinguishing Substring problem

The motifs for a set of strings can also be looked upon as defining membership
for that set. In biological applications such membership might also correspond to
properties of hybridization or coregulation of associated genes. If the set of strings
JF comes from a larger set, say ¢/, and membership is defined a priori, we might
ask whether there exists a motif that can distinguish between F and 7' = U \ F.
This aspect, called the DISTINGUISHING SUBSTRING problem, was introduced in
[54] under a slightly different definition.

DISTINGUISHING SUBSTRING

Instance: The input is two sets F = {Sy,...,S,} and F' = {S],..., S}, both
over alphabet X, and three integers d, d’ < 1.

Question: The solutionis a string C € X! such that (1) for each S; € F, there exists
a substring s;; of .S; such that dy(s;;,C) < d and (2) for each S € F' and each
substring s;; of S, dy(s};,C) > d.

We will assume symmetry with respect to the numbers of strings in the sets, the
lengths of the strings, and the threshold distances. This is without loss of general-
ity in our analysis, and we note that in any practical situation the values of these
parameters are not likely to be the same.
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Table 5.1: Time and space complexity of finding exact solutions.

Reference Space Complexity Time Complexity
Sagot [78] O(m?n + Imn) O(|Z]im*nN)
CENSUS O(lmn) O(|Z[lmnN)
CIRCUITSIMULATION O(mnN) O(mnN)

A polynomial time approximation scheme was given for this problem in [25],
and variants of this problem were shown hard for classes of the W-hierarchy in [41],
where an algorithm was given for a restricted case. The next theorem establishes
an upper bound on the time complexity of this problem that is equal to that of the
motif discovery problem.

Theorem 5.10 The DISTINGUISHING SUBSTRING problem can be solved in O(mnN)
time and O(mnNN) space.

Proof. The algorithm constructs the neighborhood tree encoding M , which can
be done in O(mn V) time and space. Next, for each S} € F’, a neighborhood tree T;
is built in m x O(nN) total time. Finally, in m successive stages, the set difference
T « T\ T} is performed. Each difference operation takes at most O(nN) time. It
follows that the total time required by the algorithm is O(mnN). O

54 Summary and Open Problems

Both sequential and parallel algorithms were derived for the MOTIF ENUMERATION
problem. The sequential algorithms give new upper bounds on the complexity of
solving both the enumeration problem, and the decision version examined in Chap-
ter 3. The first parallel solutions to the problem have also been given. Notable from
a theoretical perspective is the establishment of the COMMON APPROXIMATE SUB-
STRING problem in the parallel parameterized complexity class FPP when |%| and
[ are fixed. The sequential results are summarized in Table 5.1.

The major open problems deal with improving the space required to obtain a
solution in O(mnN) time. There is no evidence that the task is impossible, but
there are significant challenges. Given the negative complexity results described in
Chapter 3, it is unlikely that the time complexity can be greatly improved. Possible
improvements include algorithms that require O(mn + N) time.
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The algorithm with the best worst case time bound is not expected to be prac-
tical, since the space requirements are ©(mn.V), and therefore so are the time re-
quirements. If the space requirements were reduced by using minimal sized data
structures in place of the neighborhood trees, the algorithm might yield efficient
implementations.



Chapter 6

Conclusion

The research described in this thesis was motivated by pattern discovery problems
arising in molecular biology. An abstraction was given in the form of the cCOMMON
APPROXIMATE SUBSTRING problem. The complexity of this problem was exam-
ined from the perspective of both exact and approximate solutions. Algorithms
and heuristics for the solution of COMMON APPROXIMATE SUBSTRING were also
developed and tested.

This thesis has made several original contributions, both theoretical and practi-
cal. These contributions can be summarized as follows:

e The parameterized complexity of COMMON APPROXIMATE SUBSTRING has
been systematically mapped. The large number of results produced a near
complete complexity map, with only two parameterized variants left unre-
solved. On the positive side, it was shown that the non-trivial variant parame-
terized by input string length (cAS(n)) is fixed-parameter tractable. Hardness
for parameterized complexity classes was shown with three distinct reduc-
tions (one of which was discovered independently in [32]), and membership
was shown by the design of three distinct circuits.

e The first proof was given for the existence of a polynomial time approxima-
tion scheme for the CLOSEST SUBSTRING problem for input over an unre-
stricted alphabet. For the case of a binary alphabet, better upper bounds on
existing algorithms were given; by the nature of approximation schemes, im-
proved upper bounds imply more efficient algorithms. Results for hardness
of approximation were obtained for optimization problems with four distinct
objective functions. In spite of the approximation schemes previously devel-
oped for CLOSEST SUBSTRING, the negative results here indicate that many
related optimization problems (having the same set of instances) differ sig-
nificantly in terms of approximability.

e The algorithm CENsSUS has the lowest time complexity of any known algo-
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rithm for COMMON APPROXIMATE SUBSTRING. Reasons were given indi-
cating why CENSUS might be optimal.

The research presented in this thesis has also uncovered some interesting ques-
tions for future research:

e What is the parameterized complexity of the remaining variants of COMMON
APPROXIMATE SUBSTRING? In particular, can cAs(]|X|,d) be shown hard
for any parameterized complexity class? The only known variants of com-
MON APPROXIMATE SUBSTRING that are in FPT involve fixing /. Some sur-
prising results due to Parida et al. [68, 69] concerning “maximal irredundant
motifs” suggested that CAS(m, | Y|, d) might also be in FPT. Unfortunately,
counterexamples were given in [72], indicating that the results were not valid.

e Better approximation algorithms certainly await discovery. What are the best
ratios and corresponding time complexities? It seems reasonable to assume
that the most important combinatorial properties of string sets have yet to be
discovered; these could indicate much more efficient approximations.

e Can the CENSUS algorithm be improved to require only O(mnN) time and
space? What improvements, theoretical or practical, can be made by using
smaller structures in the CENsUS algorithm. Can the algorithms based on
neighborhood trees be made practical by using minimal DFAs or NFAs in
their place?
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Appendix A

Circuit Diagrams

This appendix gives diagrams of the circuits described in Section 3.3. At each level
of the circuits is an explanation of the function of the gates at that level. Recall
that for complexity purposes, depth is only required to be independent of input size
for the lower classes of the 1/-hierarchy (i.e. WI[t] for constant t); weft is what
we would like to minimize. The number of inputs is restricted to be a polynomial
function of the problem size, but the weight of any assignment to those inputs must
be a function of the parameters. The part of each circuit enforcing that any satisfy-
ing assignment correspond to a valid occurrence has is not described. The symbol
V represents the inclusive O R function and the symbol A represents AND. The
fan-in of each gate is given, and may or may not be restricted depending on which
parameters are fixed.
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Figure A.1: Configuration of the instance testing circuit.
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Figure A.2: Configuration of the center testing circuit.
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The Input Control Component has

_— n — [+ 1+ d|%]| possible inputs, of

which d + 1 are selected. The input
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Control modifications to that substrlng. The
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So Ss S,
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Figure A.3: High level configuration of the single occurrence + modifications test-
ing circuit.
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The constant zy; ; ,, , is true iff
Sil7]lp] = r. The variable gy, , is
true iff C[p] = r, as decided by the (90| [Tiigeizn|  [9pu]  [Tilae]
input control component.

Gates enclosed in the dotted box form
one of [ stacked layers. Mismatches are 0
counted by the variables a. Variable b is
true if S;[j][p] = C|[p], or one of the a
variables is true.

|UWigr—tal|  |Figp-1a-1] o o o [Aigp-12] |ligp-11]

Figure A.4: Mismatch counting part of the single instance + modifications testing
circuit.
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This part of the circuit appears [ x || times, once for each possible modification to the
occurrence selected from S;. The inputs to the left (x5 variables) indicate the selection of
a substring from S;. The z3[p, r] variable indicates whether the center is modified to
contain character r at position p. The negated inputs are correspond to all other
characters. Although not indicated in the diagram, z3[p, r] does not appear negated with
the other x3’s. The only appearance of x3[p, r| is directly above the OR gate feeding into
the variable g[p, r].

| | ~
—_——
.752[1] T1[1,1,p,7] T [n] |x1[1,n,p,r‘] | |_'x3[p,1] | TL3[p,| 2]
n—I[>1+1
——

@ () Q)

O

(M) zs[p, 7]

glp, 7]

Figure A.5: Inputs to the single occurrence + modifications testing circuit.
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Common Approximate Substrings
ABSTRACT

Discovering patterns in strings is a central task in analyzing molecular sequences.
One pattern discovery problem is to find a pattern that occurs as a substring in
each member of a given set of strings. Additionally, occurrences of this pattern are
allowed to have up to some specified number of errors, so the occurrences may not
exactly match the pattern. Allowing such “approximate occurrences” significantly
complicates methods for discovering the pattern, rendering it NP-hard.

The pattern discovery problem is abstracted as a decision problem under the
name Common Approximate Substring. A systematic parameterized complexity
analysis is conducted, producing a nearly complete parameterized complexity map
with respect to the number of input sequences, their maximum length, the length
of the pattern, the maximum number of mismatches between the pattern and its
occurrences, and the size of the sequence alphabet. The analysis has also revealed
several new results, including the first FPT variant not parameterized with alphabet
size.

The Closest Substring problem is an optimization problem with the goal of min-
imizing the maximum number of mismatches between the pattern and any occur-
rence. Previous studies did not resolve the effect of alphabet size on approxima-
bility. The problem admits a polynomial time approximation scheme even for the
case of an unrestricted alphabet, and an improvement is given for the case of a
binary alphabet. Obijective functions are derived from three other aspects of the
problem, and new approximability results are described for each associated opti-
mization problem. The results include both upper and lower bounds, and in one
case these bounds are shown to be tight.

In practice one might only know some set of necessary conditions for important
patterns, and desire the identity of each pattern matching those conditions. This
goal is captured by the problem of enumerating all patterns fitting a specified length
and number of allowed errors. New upper bounds are proved for the complexity of
the enumeration problem, and parallelizations are described that have both practical
and theoretical value. The upper bound on the complexity is achieved through the
use of a new data structure capable of concisely encoding sets of patterns, while
providing efficient membership queries and efficient set operations.
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